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DECOUPLING  IDENTITIES  AND  PREDICTABLE  TRANSFORMATIONS  IN  EXCHANGEABILITY 


By  0 1 av  Kali enberg 
Mathematics  ACA 
120  Math  Annex 
Auburn  Un i vers i ty 
AL  36849-3501 


Abstract:  Let  X=  (X  j  , .  .  .  ,X  ,)  and  V*(V j  , .  .  .  ,V  .)  be  processes  on  [0,1]  or  R+,  such 
that  X  is  exchangeable  while  V  is  predictable.  Under  suitable  conditions  on  X 
and  V,  the  expression  ETTjv.dx  will  only  depend  on  the  marginal  distributions 
of  X  and  V.  From  statements  of  this  type  in  discrete  or  continuous  time,  one  may 
easily  derive  a  variety  of  old  and  new  results  on  predictable  transformations 
which  preserve  the  distribution  of  an  exchangeable  sequence  or  process.  The  same 
method  yields  a  general  result  about  reduction  of  continuous  local  martingales 
and  marked  point  processes  to  independent  Gaussian  and  Poisson  random  fields. 


Short  title:  Decoupling  in  exchangeability 

AMS  1980  subject  c 1  ass i f i ca t ions :  Primary  60G09,  60H05;  secondary  60G44,  60G55, 
60J30. 

Key  words  and  phrases:  Stochastic  integrals,  product  moments,  invariance  in 
distribution,  i.i.d.  sequences,  Levy  processes,  martingales,  point  processes. 
Brownian  bridge,  random  time  change. 


I  .  I n t  roduc t i on 


A  finite  or  infinite  sequence  of  random  variables  . .  .)  is  said  to  be 

exchangeable,  if  any  sequence  (^,  ,...)  with  distinct  non-random  indices 

1  2 

has  the  same  distribution.  The  predictable  sampling  theorem  of  [12] 

(cf.  Doob  (1936)  and  [10]  for  special  cases)  states  that  the  invariance  extends 
to  predictable  transformations,  in  the  sense  that 

<5T  .S,  (?.. (I) 

t,  r2 

for  any  sequence  of  a.s.  distinct  predictable  stopping  times  taking 

values  in  the  index  set  of  %.  Here  predictability  may  be  defined  in  terms  of 

the  induced  filtration,  or  more  generally  (cf.  [12]). 

The  above  result  can  be  restated  in  terms  of  sums  of  the  form  ,  w^ere 

r|  =  (rjj  .  .  . )  is  a  predictable  random  sequence,  such  that  the  associated  counting 

measure  jj„(B)  =  is  (B)  =  2"l  g(,](<)  's  a-s-  non-random.  In  fact,  it  is  easily  seen 
*  ik 

to  be  equivalent  (under  suitable  summability  conditions)  that  the  distribution 
of  ^^>1^  should  only  depend  on  PJ;  '  and  In  particular,  we  get  the  same 

distribution  if  we  take  ^  and  >-|  to  be  independent  with  the  same  marginal 
distributions,  so  any  distributional  property  may  be  obtained  through  decoup  ling. 

In  this  paper  we  shall  show  (under  suitable  i ntegrab i 1 i ty  conditions)  that 
the  d-th  moment  E(  £  Vi  ^)^  may  be  computed  by  decoupling  already  under  the 
weaker  assumption  that  the  sums^rj™  be  non-random  for  all  m<d ,  or  for  all  m<_d  - 1 
when  the  sequences  are  infinite.  In  the  easy  special  case  of  i.i.d.  sequences 
and  d=l  or  2,  the  results  reduce  to  the  classical  Wald  i dent i t i es .  The  results 
for  finite  sequences  seem  to  be  new  already  for  d=l ,  and  yield  some  surprising 
conclusions  about  finite  games  (e.g.  lotteries,  card  games),  which  were  discussed 
extens i ve I y  in  [11]. 

it  is  interesting  to  notice  that  the  predictable  sampling  property  in  (1) 
may  be  easily  recovered  from  the  set  of  all  decoupl i ng  identities  as  above  with 


varying  d.  In  fact,  taking  p  ^  to  be  non-random,  and  assuming  for  simplicity  that 

m 
,  k 


the  are  bounded  while  >^=0  for  all  but  finitely  many  k,  it  is  clear  that 


is  non-random  for  all  m ,  so  all  moments  of  the  sum  i;  rj  can  be  computed  through 
decoupling.  Since  the  moments  determine  the  law  in  this  case,  we  obtain  the 
decoupling  property  of  the  distribution,  which  was  noted  above  to  be  equivalent 
to  (1).  In  the  same  way,  extensions  of  the  moment  formulas  in  different  directions 
may  be  used  to  prove  extensions  of  (I). 

With  no  extra  effort,  we  shall  actually  obtain  multivariate  versions  of  the 
moment  identities  described  above.  Thus^=(^.,,  j=l,...,d,  k= 1,2,...)  will  be 
assumed  to  form  an  exchangeable  sequence  in  R  ,  while  fj  =  (»|j^)  will  be  a  corresponding 
predictable  sequence.  It  will  then  be  seen  in  Theorems  3.1  and  3.5  that  (under 
suitable  i ntegrab i 1 i ty  conditions)  the  product  moment 

E  JI\  \  ?j‘kV  (2) 

may  be  computed  by  decoupling,  provided  that  the  sums 

I  7 T  n  ,  j  c(l  » •  •  •  *db  (3) 

k  jcJ  ,J 

are  a.s.  non-random.  This  result  may  be  used  to  prove  a  multivariate  version  of  the 
predictable  sampling  theorem  (Proposition  6.1),  stating  that  the  distribution  of 
a  sequence  %  in  Rd  is  invariant  under  possibly  different  predictable  permutations 
in  the  d  components,  provided  that  ^  has  the  same  property  with  respect  to  non- 
random  permutations. 

The  situation  in  continuous  time  is  similar,  though  both  statements  and  proofs 
rely  on  stochastic  calculus.  Recall  (cf.  [12])  that  a  process  X  on  I = [ 0 , 1 ]  or  R+ 
is  said  to  be  exchangeabl e ,  if  it  starts  at  0  and  is  continuous  in  probability, 
and  if  any  set  of  increments  over  disjoint  intervals  of  equal  length  forms  an 
exchangeable  sequence.  Such  a  process  X  is  known  to  have  a  right-continuous 
version,  which  forms  a  sem imar t i nga 1 e  with  respect  to  the  induced  standard  (i.e. 
right-continuous  and  complete)  filtration  JT  .  The  property  corresponding  to  (1) 
is  the  fact  (cf.  [12])  that  the  process 

XU*'  (t)  =  'l-,U  <  t-  dX  ,  tel  ,  (M 

^  L  s—  •>  s 

( 1 1 - i  denoting  the  indicator  function  of  the  set  in  brackets)  has  the  same  finite¬ 


dimensional  distributions  as  X,  whenever  the  process  U  is  predictable  and  l-valued 


with  measure  preserving  paths  (in  the  sense  that  ^U  a.s.,  with  A  denoting 
lebesgue  measure  on  l).  Equivalently,  assuming  V  to  be  predictable  and  suitably 
integrable  on  I,  and  such  that  the  measure  ^V=AV  '  is  a.s.  constant,  the  distribution 
of  the  integral  J*VdX  will  only  depend  on  and  PX  '.  Under  the  weaker  assumption 
that  !  VmdA  be  non-random  for  m<d  (or  for  m<d-l  when  l=R+),  we  shall  again  obtain 
decoupling  identities  for  the  moments  E  ( \ V  dX )  ,  and  similarly  in  the  multivariate 
case  (Theorems  4.1  and  5.1),  and  as  before  all  these  identities  together  may  be 
used  to  recover  the  predictable  invariance  property  XU  '  =  X  and  its  multivariate 
counterpart  (Proposition  6.1). 

Only  for  processes  on  R+  do  we  get  a  simple  explicit  expression  for  the 
moments.  It  is  not  clear  whether  tractable  formulas  are  obtainable  in  the  other 
three  fundamental  cases  (processes  on  [0,1]  and  finite  or  infinite  sequences), 
for  the  moments  themselves  or  for  suitable  linear  combinations.  Another  open 
question  is  whether  similar  results  exist  for  Ef(2,?^^)  or  Ef(J*VdX)  with  functions 
f  other  than  polynomials  (unless  jj ^  or  ^  is  assumed  to  be  non-random). 

When  X  has  continuous  paths,  hence  in  particular  for  the  Brownian  bridge  and 

motion,  it  turns  out  that  constancy  of  the  first  and  second  order  integrals  fv.dA 

u  J 

and  V.V.dA  (in  some  cases  only  of  the  latter)  suffices  to  obtain  moment  identities 
J  1  J 

of  arbitrary  order.  Thus  we  get  in  this  case  a  correspondingly  richer  class  of 
predictable  transformations  which  preserve  the  distribution  of  X  (Proposition  6.3). 

Our  arguments  may  be  extended  to  the  context  of  general  continuous  local 
martingales  M  and  (quas i - 1 ef tcont i nuous)  point  processes  N,  yielding  a  wide  class 
of  predictable  transformations  mapping  M  into  a  Gaussian  random  field  and  N  into 
an  independent  Poisson  field,  both  defined  on  abstract  spaces.  From  this  result 
(Theorem  6.4)  one  can  read  off  the  classical  reductions  of  M  to  a  Brownian  motion 
and  N  to  a  Poisson  process  through  a  random  time-change  (Kunita  &  Watanabe  (1967), 
Papangelou  (1972)),  as  well  as  their  multivariate  extensions  (Knight  (1970),  Meyer 
(1971);  cf.  I  keda  &  Watanabe  (1981)).  One  may  also  deduce  a  related  time  change 


result  for  integrals  with  respect  to  p-stable  motion,  due  in  the  symmetric  case 


to  Rosinski  &  Woyczynski  (1986).  A  further  application  is  to  substochastic 


translations  of  random  point  fields,  as  considered  in  Matthes,  Kerstan  &  Mecke 


(1978).  In  the  present  paper  we  shall  only  give  some  simple  examples  indicatii 


the  power  of  the  general  result.  Further  details  and  extensions  will  be  given 


elsewhere.  We  might  mention  here  that  an  entirely  different  type  of  random  time 


change  for  random  point  fields  in  the  plane  has  been  considered  by  Merzbach  & 


Nua 1  art  (1 986) . 


Let  us  next  recall  some  basic  facts  from  exchangeability  theory  (cf.  [6]). 


In  each  of  the  four  cases  of  discrete  or  continuous,  bounded  or  unbounded  time, 


there  is  a  de  Finetti-type  theorem  exhibiting  the  general  distribution  as  a 


unique  mixture  of  ergod i c  ones.  The  infinite  ergodic  sequences  are  of  course  the 


.i.d.  ones,  while  the  finite  ergodic  sequences  are  those  obtainable  (in 


distribution)  through  successive  drawing  without  replacement  from  a  finite 


popu 1  at  ion . 


An  R  -valued  process  on  [ 0 , 1 ]  is  ergodic  exchangeable  iff  it  is  distributed 


as  some  process  of  the  form 


xt  =  <*t  +  OBt  +  £  (3k(,{Tkit}  ‘  •  t€ [0 , 1  ] 


2 

where<*andpj,p2>--  -  are  d- vectors  with  £  |  J  <■  00,  while  O  is  a  (dxd )  -mat  r  i  x , 


Tj  ,  ITj .  •  •  •  are  i.i.d.  U  (0 ,  I )  (uniformly  distributed  on  [0,1]),  and  B  is  an  independent 


Brownian  bridge  on  R  .  Note  that  the  summation  in  (5)  holds  in  the  sense  of  a.s. 


convergence  uniformly  on  [ 0 , 1  ]  (cf.  [8]).  Write  for  the  covariance  matrix  (Ter 

(T  for  transpose)  and  fl  for  the  counting  measure  on  R  \{o},  and  note  that 

rw 


PX  determines  and  is  determined  by  the  triple  (ot,p,|i)  .  An  ergodic  exchangeabli 
process  with  this  distribution  is  said  to  be  d  i  rected  by  {oi,p,p>)  . 


The  situation  for  R  -valued  processes  on  R+  is  similar.  Here  the  ergodic 


exchangeable  processes  are  the  so  called  Levy  processes,  which  by  definition  are 


right-continuous,  starting  at  0,  and  with  stationary  independent  increments.  The 


a  . 

Le/y-Kh i nen i n  reD resen t a t i on  of  an  integrable  Levy  process  X  in  R  may  oe  writter 


in  the  f o rm 


I  p  1  mm"."''  .'■**  "■"f  'IP  1  '-F  '*  l' r-B  ■*'■■' 

E  expCiuX^)  =  exp^itu?  -  ytupu"*"  +  t  j*(e  '  UX-  1  -  i  ux)y  (dx)J. ,  uCR^,  (6) 

for  some  d-vector  IT,  some  covariance  matrix  ^),  and  some  Levy  measure  y  on  R^ \{o} 
satisfying  J"  ( |  x  |  ^a|  x  | )  V^(dx )  <  0© .  (Here,  u  should  be  interpreted  as  a  row  vector, 
and  X.  X  and  x  as  column  vectors.)  In  this  case,  PX  '  and  (r.fj)  determine  each  1 
other  uniquely,  and  we  shall  say  that  X  is  d  i  rected  by  the  triple  (JT.^.vO. 

For  clarity  and  convenience,  we  shall  delimit  ourselves  in  this  paper  to  the 
ergodic  cases,  which  cover  most  of  the  interesting  applications  (including 
empirical  processes,  as  well  as  sampling  sequences  and  their  continuous  time 
approximations).  In  discrete  time,  our  results  can  easily  be  extended  to  the  non- 
ergodic  case,  by  conditioning  on  the  (permutation)  invariant  cr-field  (cf.  Aldous 
(1985)).  In  continuous  time  the  same  procedure  gives  formally  the  right  answers, 
but  seems  harder  to  justify.  To  get  around  the  difficulties  with  cond i t i on i nq , 
one  may  instead  go  through  the  proofs  in  this  paper,  to  check  that  everything 
carries  over  with  obvious  changes  to  the  non-ergodic  case.  We  omit  the  details. 

On  the  other  hand,  we  do  consider  the  case  of  general  f i 1 1 rat  ions  T= (7 )  or 

n 

(7t).  Recall  [10,12]  that  a  sequence  ,%2  , ... )  is  said  to  be  7-exchangeab 1 e . 

it  it  is  "7-adaoted,  and  if  the  subsequence  | . ?n+2 • • • •  's  cond i t i cna 1 1 . 
exchangeab I e ,  given  F,  for  every  n£Z+.  The  definition  in  continuous  time  is 


similar.  Note  that  exchangeability  imp  1 i es  7-exchangeab i 1 i ty  in  both  cases,  with 
7"  as  the  induced  (standard)  filtration,  and  that  conversely  7-exchangeability 
with  an  arbitrary  7  implies  exchangeability  in  the  ordinary  sense.  Note  also  that 
every  ergodic  7-exchangeable  infinite  sequence  is  7-i.i.d,  in  the  sense  of  being 
both  i.i.d.  and  7-Markov,  and  similarly  that  every  ergodic  7-exchangeab  1  e  process 
cn  R ^  I ,  7  -  Levy . 

If  a  process  X  on  [0,1]  is  ergod i c  7-exchangeab 1 e  with  distinct  jump  vectors 
then  X  itself  has  an  a.s.  representation  as  in  (5)  with  the  i.i.d.  U ( 0 , 1 ) , 
and  such  that  each  process  i s  7-exchangeab 1 e  with  compensator  log(l-tAr^) 

(cf.  [12]).  Though  this  may  not  be  true  in  general,  it  is  easy  to  see  that  a 
represen ta t i on  as  above  will  always  exist  on  a  suitable  extension  of  the  basic 
probability  space  (/L,(D,P)  with  associated  standard  filtration  7.  (See  Section  5 


for  a  general  discussion  of  extensions.)  Since  extensions  don't  affect  the 
definition  of  stochastic  integrals  (cf.  Theorem  9-26  in  Jacod  (1979)),  we  may 
henceforth  assume  for  the  sake  of  simplicity  that  any  process  X  as  above  has  an 
a.s.  representation  (5)  with  the  stated  properties. 

Throughout  the  paper  we  shall  need  efficient  existence  criteria  and  maximum 
inequalities  for  stochastic  sums  and  integrals,  to  be  provided  in  Section  2.  The 
results  may  be  new  and  perhaps  of  some  independent  interest  already  for  i.i.d. 
sequences  and  Levy  processes  (Propositions  2.1  and  2.2),  where  they  follow  by 
iterated  use  of  the  BDG  (Burkhol der-Davi s-Gundy)  inequalities.  The  corresponding 
theory  for  stochastic  integrals  j*VdX  on  [0,1]  is  somewhat  harder,  but  simplifies 
when  is  non-random,  since  in  that  case  (and  under  suitable  moment  restrictions) 

^VdX=^UdM  for  some  martingale  M  and  predictable  process  U.  This  key  result 
(Proposition  2.6)  gives  a  clue  to  the  decoupling  property  for  d=l .  A  similar 
identity  may  be  proved  in  discrete  time,  but  will  not  be  needed  in  this  paper. 

General  background  on  exchangeability  is  provided  by  Aldous'  (1985)  lecture 
notes,  supplemented  by  the  author's  papers  [6],  [7]  and  [ 1 0 ] - [ 1 2 ] .  Standard 
terminology,  notation  and  results  from  stochastic  calculus  will  usually  be  taken 
for  granted,  and  the  reader  may  e.g.  consult  Dellacherie  &  Meyer  (1975,  1980)  or 
Jacod  (1979)  for  details.  In  this  paper,  Lebesgue  integrals  will  often  be  written 
wi thou t  1 d t 1  or  'd^'.  We  shall  further  write  a  b  i ns tead  of  a=0 (b) .  Finally, 
lp-norms  are  defined  with  respect  to  the  basic  probability  P,  if  nothing  else  is 


stated . 


2.  Stochastic  sums  and  integrals 

Here  we  shall  first  study  predictable  summation  with  respect  to  i.i.d.  sequences 
5=  (f-|  » •  •  • )  »  where  the  underlying  f  i  )  t  rat  ion  (7  )  is  indexed  by  Z+=-[o ,  1  , .  .  .} 

Reca  II  that  a  sequence  rj=  ,...)  is  said  to  be  T-  pred  i  c  tab  1  e ,  i  f  i  s  7^  j  - 

measurable  for  each  n£ N={l  , 2  ,...]• . 

P  ropos  ition  2.1.  Let?  be  a  filtration  on  Z.,  and  letf  and  h  be  infinite 


random  sequences  in  R ,  such  that  i_s  JT-  i.i.d.  while  rj  i_s_  T- -  pred  i  ctab  1  e .  Fix  p>  1  , 
and  wr i te  p ' =p A  2  and  p"=p  v  2 .  Then 

E  SUP  |  £  Vlkf*  lE«,lP  Eff, lid}"  +  E!?||P  E{l  l’lk|P'}P  /2-  (n 

When  the  bound  is  finite,  the  sequence 

‘  (EV  j/)k'  n€Z+’  (2) 

converges  a.s.  and  defines  an  L^_-mart  i  ngal  e  on  Z+=  ^0 , 1  , .  .  .  ;  x>  j-  . 

Proof.  We  may  assume  that  the  right-hand  side  of  (l)  is  finite,  and  write 

•  Since  and  rjk  are  integrable  and  independent  for  each  k,  the  products 
form  a  martingale  difference  sequence.  Hence  we  get  by  the  BDG  inequality 


*i*'i 

terating  the  procedure,  we  get  after  m  steps,  with  2t(p,2p], 


E  sup  AVk  * 

n  i  k=  I 


P  iTi“I  /v  _  -  r  .fi  p  2 

-  I  Efrl|p!  EiXhkl  1 

r=0<  kk=l  1  J 


-  jo  /  ,  _m  .  p2 

+  } 


where  we  define  ,  anc^  then  recursively 

r(r+l)  _  /t( r )  _  p  e  <  r ) \ 2  ,  , 

^  0 ,  .  •  .  ,  rn  1  . 

The  above  argument  is  justified  by  the  fact  that 


El$(r)l  P2’r-cEk,|P,  r  = 


0, . . . ,m, 


which  follows  recursively  fr  on  { U ) t  if  we  write  f o  r  r = 0  ,  . .  .  , m -  I 


"  '.-.V >.V V. 

WV* •_  /  ■  /  A  / .  *  ■  * » 


m 


cm 


rvr+l)  p2 


UJ/P2  ^ 


--  EKk  "E^ 


e i^rrz  +Kr'; 


in  i  p2  F  c(rji  pi 

k  •  ^  sk 


Comparing  (1)  and  (2),  it  is  seen  that  the  first  terms  agree.  For  the  last  term 


in  (2),  we  get  by  subadditivity  and  independence 


~e  i,!?rip2  nkip  =  Eu 


(m) I p2 


(m)l  p2 


E^hkr 

k-i 


Note  also  that,  by  subadditivity, 

r  jo  i  p/o  f  •»  | 

T  i„  1  cl  ^  \  * 


I.hkl  <2 


We  now  get  (1)  by  combining  (3)  and  (5)_(7).  The  last  assertion  follows,  since 
the  martingale  in  (2)  is  uniformly  integrable  when  the  bound  in  (1)  is  finite.  0 

Stochastic  integration  with  respect  to  Levy  processes  was  studied  extensively 
in  [9],  and  the  following  result  extends  the  simple  Corollary  4.1  of  [9]. 

Proposition  2.2.  Let  T  be  a  standard  filtration  on  R  ,  and  let  X  and  v  ue 


R- va 1 ued 


V  is  /'-predictable.  Fix  p>l  ,  and  wr  i  te  p  =pa2  and  p  =pV2.  Then 


“Ha|  X  !  ?1  vj|  V  { /  °  +  oPE^Jv2;°/2 


t  "0 


[(j|xlPV(dx))P"/2  4.  j"|x  |py(dx)|  E  [  (j*S  v|  P  ' )  P"/2  +  J|v|p], 


in  the  sense  that  JvdX  exists  and  satisfies  (8)  when  the  bound  is  finite. 


In  this 


case,  the  process 


rt+  rl 

M  =  \  VdX  -  K\  V ,  t>0, 

C  J0  0 

converges  a.s.  as  t— and  defines  an  L  -ma  r  t  i  nqa  1  e  on  R  =[0,<w]. 


For  our  current  and  future  needs,  let  us  record  the  well-known  norm 
i nterpol a t ion  formula 

■I  fHq  <  !!f  llp  *  0  <  p  <  q  <  r  , 

valid  in  arbitrary  measure  spaces.  For  a  simple  proof,  note  that  logllfHj 
convex  in  t>0  by  Holder's  inequality. 


v'"  -• „  ■ «- v  2  ^  2  <"!'  -'7  2  " 


8 


diffusion  and  purely  discontinuous  cc^oonenti  , 


and  to  prove  (8)  for  each.  Now 


(8)  is  trivial  if  X  is  linear,  and  if  X  is  a  Brownian  notion  the  integral 
process  jvdX  is  a  continuous  local  martingale  with  quadratic  var i at  ion  jV , 
so  (8)  follows  by  the  BOG  inequality.  It  thus  remains  to  consider  the  case  when 
X  is  purely  discontinuous  and  centered. 

Letting  nfcN  with  2  € ( p , 2 p ] ,  and  proceeding  o>  Iterated  f orma 1  application 
of  the  BDG  inequality,  we  then  get  as  in  the  last  proof 


E  sup 
t  I  J0 


■  t+  ip  m- 1  f 

ll  “dx|  * 


0 


t+  ip  , 2 r] p2  r  f r°  2 r I p2  f  "  r"  p2_m 

VdXl  -e  y  (dXT  (.  E<  J  V  1 


+  EnV(dx)2, 


0 


0 


(ID 


where 


■  t  + 


\  (dX)2  =  J  (AXj2  ,  t>0 ,  r6  N . 


(12) 


s<t 


To  justify  (11),  we  need  to  show  that  the  stochastic  integral  processes  fvdX  and 
Ct+  2r  f  2 r  2 r ) 

J  V  j(dX)  -E(dX)  j,  t>0,  r=l . rn-1  ,  (13) 

exist  and  are  local  mart i ngal es .  But  this  holds  by  Definition  2.46  in  Jacod  (1979), 
provided  that  the  right-hand  side  of  (11)  is  finite.  It  is  thus  enough  to  show 
that  the  latter  expression  is  bounded  by  the  one  in  (8). 

To  see  this,  note  that 

E  !UxJq  =  tjj  x|  qy(dx)  ,  q  >  0 ,  t>0,  (14) 


set 


and  that  the  jump  process  on  the  left  of  (14)  is  again  /--Levy,  provided  that 


q>p 1 .  Thus  is  compensated,  for  q€[p',p],  by  the  function  on  the  right  of  (14), 
and  we  get  bv  the  subadditivity  of  xp2  and  the  predictability  of  |v|P 


[jVVDf2  s  e  z Ivmp  *  EjDvffi* 


E  J  V 

0 


PV>(dx). 


D5) 


t>0 


Tne  estimate  in  (8)  now  follows  from  111)  by  means  of  (10),  (12),  (14)  and  U5). 
The  last  assertion  follows  from  the  fact  that  finiteness  in  (8)  implies  uniform 
i n tegrab I  1 i ty  of  the  process  fvdX.  Q 


The  remainder  of  this  section  is  devoted  to  stochastic  integration  with 
respect  to  ergodic  exchangeable  processes  on  [0,1],  and  we  begin  with  a  genera) 


existence  theorem. 


Propos i t ion  2.3.  Let  ^  be  a  standard  filtration  on  [0,1],  and  let  X  and  V 

be  R-valued  processes  on  [0,1],  such  that  X  is  ergodic  7-exchangeab 1 e  and  directed 
2 

by  (of, cr  ,p)  while  V  j_s  'F-pred  i ctab  1  e .  Fix  p£ (0 , 2]  and  £>0  wi  th  £>  0  j_f_  p 1  ,  and 
such  that  ZIMP-  oo  ,  that  cf=0  j_f  pc  2 ,  and  that  0^=2"  ^  if  pel.  Then  JV  dX 
exists  on  [0, 1 ]  provided  that 

f  |v  [  p  ( 1  - 1 )  fcdt-<A>  a.  s  ■  (16) 

J0 

Note  in  particular  that  (16)  holds  if  j"|\/Jr-*roo  a.s.  for  some  r^p,  Weaker 
conditions  for  i  ntegrab  i  1  i  ty  on  intervals  [0,t]  with  td  may  be  obtained  by 
adaption  of  the  methods  in  [9]. 

Here  and  below  we  shall  use  the  fact  (cf.  [12])  that  X  is  a  special  semi¬ 
martingale  on  [0,1]  with  canonical  decomposition  of  the  form 

t  X  “  oC 

x  =  M  -  \  — -  ds,  t€ [0 , 1  ]  ,  (17) 

t  C  J0  1  - s 

where  M  is  an  L^mar  t  i  nga  1  e  with  associated  quadratic  variation  process 

7  30  7 

[M.M]  =  [X,X]  =  er  t  +  2.  t€  [ 0 , 1  ]  .  (18) 

1  L  k=  I 

Proof.  When  p£l  ,  we  may  clearly  assume  that  <5=0 ,  ctf  =2  jij  >  £!PjlP<*°°  and 
J|v/pcao  a.s.,  and  it  is  then  enough  to  show  that  ^VdX  exists  as  a  Lebesgue- 
Stieltjes  integral,  i.e.  that 


J  iwidxi  =  i|p«  1 

0  J  =  1  J 


5o  a.s. 


To  see  this,  wr i te 


Yt  -  I  t€[o,l]. 


and  note  that  Y  is  compensated  by  the  process  with  density 


\  = -P7  Z  Kfp '(V'i- 

k=  1 


By  subadditivity  and  dual  predictable  projection,  we  get 

E^JqIvI  fdxlj  P  <  E_I  |/yr  |  P  =  Ejjv|PdY  =  E_fo|v'PN. 

The  same  relation  holds  with  V  replaced  by  the  predictable  processes 

Vn(t)  =  V(t)'l{t<<Tn},  t€  [0,1],  nCN, 

where  cTpO^,...  denote  the  [0,l]-valued  stopping  times 

t 

cr^  =  supj"t<!  ;  j  |vfPN<  nj,  n€N, 


so  we  get 


fV|v(|dXj 

Jn 


Oo  a.  s  .  ,  ne N. 


To  obtain  (19),  it  remains  to  notice  that  d"  =1  for  all  sufficiently  large  n, 
which  holds  since  N  is  a  positive  martingale  and  therefore  a.s.  bounded. 

Let  us  next  assume  that  p€.(l,2]  and  IlP.I  p<t oo ,  and  that  (16)  holds  for 
some  £>0.  Then  J|  V  ( -coo  a.s.,  so  we  may  further  takeot=0.  Starting  with  the  case 
when  d=0,  and  defining  M,  Y  and  N  by  (17),  (20)  and  (21),  we  get  by  (18),  Jensen's 
inequality,  subadditivity  and  dual  predictable  projection 


■  H^y'T  -  e{ ')  &r 

<  tl\(l}\ _|P  =  Ejjv(PdY  =  e[Jv|PN. 

Replacing  V  by  the  processes  V ^  in  (23),  we  get  from  (26) 

f r°ni~  2  V/2 

Ej  j  V  d[M,M]  j  <  Po  ,  n^N, 

with  the  a  given  by  (24).  As  before,  cr  =1  for  sufficiently  large  n,  so  IVdM 
n  n  J 

exists  by  Definition  2.46  in  Jacod  (1979).  IE  instead  p=2  and  cf>0,  we  get  in 


1  /  2  ■)  p 


place  of  (26) 


|e|J  VZd[M,M]J  j  =  E^cr2jv2  +  eJ  V2(cr2+Nt)dt , 

and  the  existence  of  jvdM  follows  as  before. 

To  complete  the  proof  for  p->l,  it  remains  to  show  that  V  is  Lebe-que-St 


.  -■  r  v  V.  v-.TT.-v.  .  . 

v.V  V/v V.  J-.V-j-.V/-- 


RTSS 


integraole  with  respect  to  the  second  component  in  (17),  i.e.  that  V^X^/O-t)  is 
Lebesgue  integrable  over  [0,1).  To  see  this,  conclude  from  Holder's  inequality  that 


.1  JV  X  I  (■  J  ,  ■ 

S0,,‘|P("t)' dt 


1/p  (V 


xt|q(i-t)"q  dt 


where  p  '+q  '=1  and  q‘=(l-Ep  ')q<q,  and  note  that  the  first  factor  on  the  right 
is  a.s.  finite  by  (16).  To  show  that  even  the  second  factor  is  finite  a.s.,  we 
may  assume  that  l<q'<  q,  since  (!-t)  q  is  non-decreasing  in  q'.  In  that  case 
there  is  a  p'>.p  satisfying  p'  ' +q 1  '=1,  and  by  Theorem  2.1  in  [7]  we  get 
|Xt|p  ^  l~t  a.s.  as  t->  1,  so 

a.s.. 

which  is  in  teg  rab 1 e  over  [0,1),  since  -q' +q/p l>.-q‘+ql/p'=-l.  Q 

2 

For  the  remainder  of  this  section,  we  assume  that  7" ,  X,  V,  (<*,cr  , ^  ) ,  p  and  £ 
are  such  as  in  Proposition  2.3-  We  shall  further  assume  that  (1.5)  holds  for 
some  B  and  Tj.T^,...  with  the  stated  properties.  Let  us  write  V^Jv  when  the 
integral  exists. 

Proposition  2.4.  For  p<l ,  we  have 
J  >3 

VdX  =  XfJ.V  a.s.  .  (30) 

J0  j-1  J  fcj 

while  for  p>l  , 

r1  rl  fo 

\  VdX  =o <V  +  cr  VdB  +  T  A.  (V  -V)  a.s.,  (31) 

J0  J0  jtl'j  Tj  - 

where  the  series  on  the  right  converges  in  probability. 

The  proof  requires  a  lemma  of  some  independent  interest. 

Lemma  2.5.  For  fixed  r€[0,  p  'a  1 )  we  have 


sup  (t(l-t))  f  X(Ml{T.<t}-t)  =  0  a.s. 


n^oo  t  j  = 

I fins te ad  1  <  r  <  p  ' ,  we  get 


I i m  sup 

n-»oo  t 


up  t‘r/  X 

t  I j=n  J  J 


=0  a.s. 


i 


•'.V,'.;.  >.V  .>_• 


The  second  part  is  stated  here  only  for  completeness  and  will  not  be  needed 


in  this  paper.  It  follows  easily  b/  combination  of  Theorem  2.1  in  [7]  and 
Theorem  3  in  [8].  Alternatively,  it  may  be  obtained  by  adaption  of  the  following 
argument  to  the  case  r>l  . 

Proof  for  rc 1 .  We  may  clearly  assume  that  p > 1 .  Let  us  introduce  the 
martingale  M^=Xt/(l-t).  By  the  BDG  inequality,  the  exchangeability  of  [X,X], 

/  O 

and  the  subadditivity  of  xp  ,  we  get  for  0  <  t  <  t+h  <  1/2 

E[K+h-M[H?t]S  E[([M'.M']‘+h)p/2|7t]i  E[([x,X]^h)P/2|7tJ 

<E([X,X]2  )P/2  =  E(J  p-l{T.<2h})p/2 

j  J  J 

<  El  |/Jj|°l{TJi2h}  =  2h  I 

Hence  we  obtain  for  any  0=t_^  t ,  <  .  .  . -it  =  t*.)/2 

0  1  n  — 

We  may  then  conclude  from  Lemma  2.3  in  [9]  that,  for  some  constant  c>0  and  for 
any  increasing  and  continuous  function  g:  R+— R+ 

Pft^2KIP/9(ct?llJilf')  Se}4H0iTtT  '  e>0-  (: 

Here  the  left-hand  side  depends  only  on  g(x)  for  2x<c^fPj|P,  so  we  may  choose 
g(x)=(x/c)pr  for  such  x  and  let  1/g  be  integrable  on  (0,oo),  to  obtain 

fcixtit"r-£^£'pJ!,i'jj-'p-  t>o-  (: 

Applying  (35)  and  the  corresponding  inequality  for  t>l/2  to  the  processes  in 
(32),  we  obtain  as  n— 


sup  (t  ( 1  - 1) )  '  r  l  M'{T'<t}-t)|  ^0. 

(-  1  —  -I  -1 


It  follows  in  particular  that  the  processes  on  the  left  have  paths  in  D [ 0 , 1 ] . 
Since  the  individual  terms  are  independent,  it  follows  by  Theorem  3  in  [8]  that 
the  convergence  in  (36)  is  in  fact  a.s. 


•  A  ■*.  * , 
VjV.'aV 


% *’ ■ 


mmm 03 


Proof  of  Proposition  2.4.  The  result  for  p<l  was  established  in  the  proof 
of  Proposition  2.3,  so  it  remains  to  take  p>l.  Since  (31)  is  trivial  when  the 

Jp 

VdX  — *-0,  where  X  is  the 
n  n 

sum  in  (1.5)  for  j>n.  Writing  M  and  N  for  the  associated  martingales  M  and  N 
—  n  n 

in  (16)  and  (21),  and  introducing  the  stopping  times 


rn  =  sup£t<l;  j*  |v|PNn  <  l]-,  n£N, 


we  get  as  before,  by  the  BDG  inequality  and  dual  predictable  projection, 

1  rcr  +  p  efcr  +  1  p/2  rl 

E|J0"  *E{i"  “  i£p(o|v|PN„}<  !.  0 

Now  Nn  |  0  as  n— *oo,  so  ^ | V | PNn — ^0  a.s.  by  dominated  convergence,  and  therefore 


=1  for  all  sufficiently  large  n,  while  the  integral  on  the  left  of  (38)  tends 

r  P 

to  zero  in  probab i 1 i ty .  Thus  \  VdM  — ►  0 . 

J  n 

To  prove  the  corresponding  result  for  the  compensating  term,  let  p  '+q  '=1 , 
q1  =q  ( 1 -£/p),  and  r+q  '  *  =  1,  where  we  may  assume  that  l<q'<q,  so  that  0<r<p  *<  1  . 


Using  Holder's  inequality  as  in  (29),  we  get 

J0  1-t  tJ0  (1-t)  J  LJ0  J  t 


o  (1-t)  J  iJ0  J  t  (i-t)r 


Here  the  first  two  factors  on  the  right  are  a.s.  finite  as  before,  while  the 
last  one  tends  to  zero  a.s.,  by  Lemma  2.5. 

The  next  result  gives  the  fundamental  connection  to  martingales  when  V  is 
constant,  and  will  play  a  key  role  in  Section  4.  Recall  that  M  is  the  martingale 
in  (16). 

Propos i t ion  2.6.  Let  p  > 1 ,  and  assume  that  V  is  a.s.  non-random.  Then 


r'  -  r1  l  f1 

V  dX  =  o< V  +  (  (V  -  -r1-  \  V  ds ) dM 

J0 1  t  v  t  '■*  jt 5  ' 


For  the  proof  we  shall  need  the  first  part  of  the  following  lemma.  The 


second  part  will  be  needed  later. 


Si 


Lemma  2.7-  Let  the  function  f :  R+— *•  R  be  locally  integrable,  and  defii 


f  ds ,  t  >  0 . 
s 


Then  we  have  for  any  p  1  and  r>  0 

J  |gt|Vrdt  <  (j^j)  C  |ft|Vrdt.  (41) 

0  0 

If  f  is  square  integrable  on  [0 , 1  ]  ,  we  have  i n  add i t i on 

f  (f  -gj2dt  =  f  (f  -g  )2dt.  (42) 

J0  J0 

Proof.  To  prove  (4l),  we  may  clearly  assume  that  f>0  and  JV>0,  and  by  monotone 
convergence  we  may  further  assume  the  support  of  f  to  be  compact  in  (0,*o),  so 
that  the  left-hand  side  of  ( 4 1 )  is  finite  and  strictly  positive.  Writing  F^=tgt 
and  letting  p  ' +q  '=1,  we  get  by  partial  integration  and  Holder's  inequality 


f  gVrdt  =  C  FPt‘r-pdt  -  -E-rf  FP" 1  f 

J, t  Jn  t  r+p-1  t  t 


p-1,  - r-p+1 


r+p-  1 


ftrvr« 


from  which  (41)  follows  if  we  divide  by  the  second  factor  on  the  right. 

In  particular,  ffcL^tO.l]  implies  gtL^O.l],  and  in  that  case  we  get  by 
repeated  use  of  Fubini's  theorem 

\  g2ds  =  (  s'2F2ds  =  2  f  s'2dsf  f  F  dt  =  2  f  f  F  dtf  s"2ds 
J0  J0  5  ^0  J0  1  1  J0  t  1  Jt 

=  2^ftFt(t-'-l)dt  -  2$’ftgtdt  -  g2- 

Thus 

j(f-g)2  =  [f2  -  2jfg  +  [g2  =  jf2  -  2^fg  +  2^fg  -  g2  =  J(f-g,)2. 

Proof  of  Proposition  2.6,  First  note  that  the  stochastic  integral  in  (40) 

exists  by  Lemma  2.7  and  by  the  proof  of  Proposition  2.3.  Since  M  is  clearly 

independent  of  0<,  we  may  assume  thatc*=0.  Define  fV=Xt/(l-t)  as  before,  and 

conclude  from  Ito's  formula  and  (17)  that 

dX  =  (l-t)dM'  -  M'dt  =  dM  -  M'dt. 
t  t  t  t  t 


ntegrating  (stochastically)  by  parts  and  using  the  constancy  of  V ,  we  get  for  t<t 


Cl  ft  rt+  fs  rt+  fl  r' 

V  M'ds  =  M1  V  ds  -  \  dM '  \  V  dr  =  l  dM'lVdr-M'lvds, 
Jq  5  s  tJ0  s  sjq  r  J0  sJs  r  t  Jt  s 


so  by  (43) 


X  J 


f  V  dX  =  \  (V  -  -r— —  f  V  dr) dM  +  ■—  f  V  ds.  (44) 

J0  5  5  Jo  5  1-5  K  r  5  ,'t  4  s 

Thus  (40)  follows  by  dominated  convergence  for  stochastic  integrals,  provided 
we  can  show  that  the  last  term  in  (44)  tends  to  zero  as  t— ►  1  .  To  see  this,  use 
Holder's  inequality  with  p  '+q  '=1  along  with  formula  (18)  above,  to  obtain 

|^f  's &{£<"•, tq/p},Al  I* 

and  recall  that  the  right-hand  side  goes  to  zero  a.s.,  by  Theorem  2.1  in  [7].  I 

We  conclude  this  section  by  proving  a  maximum  inequality,  similar  to  those  in 

Propositions  2.1  and  2.2,  for  the  stochastic  integral  in  Proposition  2.6.  Let  us 

then  denote  the  integrand  by  U,  i.e. 

.  1 

Ut  =  Vt  -  -pY  j  Vsds,  t€[0,1).  (45) 

The  constant  p  may  now  be  different  from  that  in  Proposition  2.3. 

Proposition  2.8.  Assume  that  V  exists  and  is  a.s.  non-random.  Fix  constants 


p>l  and  q  >  2p ,  and  write  p'=pA  2  and  p"=py2.  Then 

E  «p|J*U-H(PaS  a^\f2  *  {Z  W'f  «« 

where  the  process  JlldM  exists  as  a  martingale  whenever  the  right-hand  side  is 
finite.  In  that  case  also,  the  series  in  (31)  converges  in  L  . 

Proof.  Assume  that  the  right-hand  side  of  (46)  is  finite.  Then  we  know  that 
^UdM  exists  as  a  local  martingale.  To  prove  (46),  conclude  from  the  BDG  inequality 
and  ( 1 8)  that 


E  sup  j j  UdMjP  *  E jj  U2d[M,M]| 

■  EPt2 


Since  JU  ^  jV  Dy  Lemma  2.7,  »t  remain*  to  estimate  the  second  term  on  the  r  i  gr 
If  p<2 ,  we  get  by  subadd i t  i  v  i  ty 

e{Z(5-4  r<_Ei|^T.r,i|^r  eK./p- 

1  j  jj  j  j'  j  j  j’ 

If  instead  p>2 ,  we  obtain  by  Holder's  inequality 

Thus  it  suffices  in  both  cases  to  show  that 

sup  E(ur.|p  S|e[|v  |qjPA\  (4 

To  see  this,  use  dual  predictable  projection.  Holder's  inequality  with  r=(l-p/q) 


Tub  ini's  theorem,  and  Lemma  2.7,  to  obtain 


vj p  ■  er0i“,r-<w  Eio'  ^  6  {e( iu|<,}p/q{EC('_t)'r}' 


This  completes  the  proof  of  (46).  In  particular,  it  follows  by  uniform 

i ntegrab i 1 i ty  that  the  process  J"udM  is  a  martingale.  To  prove  the  last  assertion 

write  for  the  sum  in  (1.5)  over  indices  j>n,  let  be  the  corresponding 

martingale  M  in  (17),  and  conclude  from  Propositions  2.4,  2.6  and  2.8  that 

I  oo  ,p  /  J  ip  J  p  r  *o  ,,p"/2,  J  ,.p/q 

to'V?)|  'EIW  -E|J0UdHn|  j  fEI0,U|1  • 

where  the  right-hand  side  tends  to  zero  as  n-^-oo. 


Our  aim  in  this  section  is  to  prove  decoupling  identities  for  exchangeable 
sequences  ^  in  .  Thus  we  take  the  k-th  element  in  £  to  be  a  random  vector 
5  k=  (  ^  k  ■  •  •  •  .  ?dk)  .  and  %  itself  to  be  an  array  f  ,  where  jfc^l  , .  .  .  ,dj>  while 

k€N=  ^1  , 2  ,  .  .  .]•  or  kt|l  , .  .  .  ,  nj.  for  some  n£N.  The  associated  f  i  1 1  rat  ion  (?^  )  is 
then  i  ndexed  by  Z  or  ^0,...,nj.,  respectively.  We  emphasize  that  7"  * 

exchangeability  is  to  be  understood  in  the  joint  sense  in  this  section,  i.e. 
the  random  vectors  £  ^ ^  ^ -  are  assumed  to  form  an  exchangeable  sequence. 

Along  with  ^  we  also  consider  a  predictable  sequence  rj=  (»|  k)  =  (>j.k)  in  ,  where 
j  and  k  range  over  the  same  index  sets  as  before. 

We  shall  first  consider  the  case  of  finite  sequences  ^  and  7j .  both  of  length 
n€N .  Let  us  then  introduce  the  sums 

s -£.?>■  sj -£?[>'  . df-  m 

k=l  j*J  k=l  jCJ 

Recall  that  a  finite  exchangeable  sequence  ^=(f^. is  ergod i c ,  if  the  counting 


measure 


i£  ;  r5(B)  - 


k-rik  1  7-R  J 

is  non-random.  In  this  case  each  R  is  constant,  like  any  function  of  ^  which  is 

J 

invariant  under  permutations  in  index  k.  Our  basic  assumption  is  that  even  the 
sums  Sj  be  non-random.  In  addition  to  this  we  shall  need  a  technical  condition, 
to  ensure  the  existence  of  moments: 

(C,):  There  exist  constants  p,,...,p,>!  with  such  that 

I  I  d—  j  — 

p . 

E|rjjk|  J  <  PO  ,  j  =  l  ,  .  .  .  ,d,  k=  1 . n. 

Theorem  3  ■  1  •  Let  T  be  a  filtration  on  {o,  .  .  .  ,nj.  and  let  £?  and  be  random 
n-sequences  in  R^,  such  that  ^  i  s  ergod  i  c  ^"-exchangeable  while  i  s  ^~-pred  i  ctab  1  e . 

Assume  that  ( C 1 )  is  fulfi  1  led,  and  that  S ^  is  a.s.  non-random  for  every  Jc{l . d} 

Then  ^  n 

Ed  ■  E  7t  £  VV  ■  ,3) 

j  =  1  k  = I 


mw 
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for  some  polynomial  in  the  sums  Rj  and  Sj.  In  particular  E  ^  =n  R  S  ,  and  under 

Che  further  assumption  R.=S.=0  we  have 

- j—  j—  - 

E2  =  ~  R 1 2S 1 2 ’  E3  =  (n-l )  (n-2)  R 1 23S 123’ 

A  slightly  more  general  statement  will  be  proved  in  Lemma  But  first  we 

need  to  prove  a  couple  of  preliminary  results,  where  the  first  one  will  also  be 
useful  later  on. 

Lemma  3-2.  For  x.  €R,  j=l,...,d,  kfcN,  wi th 
j  k 

d  oo 


define 


7T  I  |*jk|^~. 

j  =  l  k=  1  JK 


P  =  Z  7T  X  (6) 

(k.)  j=l  J’Rj 

where  the  summation  extends  over  all  choices  of  distinct  k . k.EN.  Then  P  is 


a  polynomial  in  the  sums 

oo 

Sj  =  I  7T  x..k>  0  *  JC{| . d}.  (7) 

k=l  j€J  J 

Proof ,  For  d=l  we  have  P=S ^ ,  and  we  shall  proceed  to  general  d>-l  by  induction 

Thus  assume  that  the  corresponding  quantity  with  products  over  j  <T> . d-l}  is 

a  polynomial  Pd_^  in  the  sums  Sj  with  0  /  J  C  £l  ,  .  .  .  ,  d- ij- .  Then  we  get,  with 
Kj,...,kj  distinct  throughout, 


Z  7 F*, 


I 

. . . ,kd_ 

7Tx.  k  Z  xd  k 

,  j=i  J’kj  kd  d-kd 

d-l  _ 

I 

7T  x.  k  (s  -  I  x 
,  J*-1  J’  j  kd  d,k 

...,kd. 

d-l 

z 

7T  x  -  Z 

kd- 1  J'=1  j  kd  ki  * 

if 

*!»•••» 

*i,k.*d,k.  .JT/j.k. 

I  I  I  JFI ,d  J  j 


=  S  P 

Yd-  I 


(Sj,  Jc{| . d-l})  -  ZPd_,(Sj  ,  Jc{l . d-1}), 

k  d  i 


where 


r  j ,  i<j, 

j .  —  « 

'  [Ju{dj,  iEJ. 

Thus  the  statement  remains  true  in  the  case  of  d  factors. 

19 


WlTlW 


Lemma  3 • 3 ■  The  assertions  of  Theorem  3-1  are  true  when 


is  non- random 


Proof .  Writing  7T  for  an  arbitrary  partition  of  the  set  ^1 , . . . ,dj  into  at 
most  n  subsets  J,  and  (k^)  for  an  arbitrary  collections  of  distinct  indices 
Jfc7T,  <ve  get  by  the  assumptions  on  £ 

E  Z  ‘  I  £,E7 


which  has  the  asserted  form  by  Lemma  3-2. 
For  d=l ,  we  get  in  particular 


EI  - E  z<sk\  •  (eVI.Tk  •  "',Ris 


k=f 


To  get  £„  and  E.,  without  effort  when  R.=S.=0,  note  that  E,  is  homogeneous  of 
2  3  J—  J-  d 

degree  d  in  both  the  and  the  ,  so  that  necessarily 


E2  C2R1 2S 1 2 ’ 


E3  *  C3R1 23S 1 23 ’ 


for  some  constants  c^  and  c^.  The  latter  may  easily  be  obtained  by  direct 
computation  in  some  simple  example.  We  omit  the  details. 


Lemma 


3  ■  4  .  Let  and  J’j  be  such  as  in  Theorem  3-I.  except  tnat  the  measure 


and  the  sums  Sj  are  only  assumed  to  be  7^-measurab 1 e ,  the  former  with  bounded 
support.  Then 


El7T,  ■  PndfRJ '  Sjf  ^ 

j  =  1  k= I 

for  5 one  polynomial  P^  in  the  sums  Rj  and  S^. 

Proof.  Let  us  first  notice  that  the  product  in  (8)  is  intearable  by  (C. 


I8j 


and  Holder's  inequality,  so  that  the  conditional  expectations  here  and  below 
exist.  The  statement  of  the  lemma  is  trivially  true  for  n/\d=0,  if  the  product 
over  an  empty  set  is  taken  to  be  one.  We  shall  proceed  to  general  n>l  by  induction 
so  assume  that  the  statement  is  true  with  n  replaced  by  n-t  and  for  all  d.  Writing 


J  for  an  arbitrary  subset  of  V . dT'  we  get 


d  n 


eIm  '  E[I  7T  ^i1)! i  ^  XJ^IV 


Now  the  sums 


sj '  k?2  j2> " Sj  '  jS'lj 1 '  0  ^ J  c'tl . d> • 


are  /^-measurable,  while  the  measure 


/■«  ‘  M „  ‘  V  *« 


k=2  fck  il 

is  7j -measu rab 1 e ,  so  the  induction  hypothesis  shows  that  the  inner  conditional 
expectat ions 

i%  iL^i5'1'  jc(i . d}> 

are  polynomials  in  the  sums  S'  Id  ^l  ,  .  .  .  ,d},  as  well  as  in  the  variables  E. , 

I  'J  k 

with  j=l,...,d  and  k=2,...,n.  Thus  the  sum  in  (9)  is  a  polynomial  in  the  sums 

Sj,  in  the  random  variables  . ^dr  and  in  the  conditional  product  moments 

of  the  variables  given  5^. 

Let  us  now  introduce  an  array  ^'=(£1^),  by  suitable  randomi zat ion ,  such 
thatjj'  is  conditionally  independent  of  F,  given  ?  ,  with  the  same  conditional 
distribution  as  (This  amounts  to  a  randomization  of  the  order  between  the  vectors 
^  I  ,  .  .  .  ,  (j  . )  Wr  i  te  ^=7^  p  .  .  .  for  k=0,...,n,  and  note  that  the 

hypotheses  of  the  lemma  remain  fulfilled  for  the  triple  CF'  .  %'  ,*j)  •  Repeating 
the  above  computation  in  the  new  situation,  and  noting  that  the  result  depends 
only  on  guantities  which  are  the  same  in  both  cases,  we  get  a.s. 

Et|,  ^  -  E> £j^\Tn)\T0) . 

But  Lemma  3.3  shows  that  the  inner  expectation  on  the  right  is  a  polynomial 
in  the  sums  Rj  and  Sj .  (Note  that  the  sums  Rj  are  the  same  for  ^  and  {■'.)  Since 
the  latter  are  7^-measu rab I e ,  this  proves  the  assertion  for  sequences  of  length  r, 
and  hence  completes  the  induction,  Q 


This  also  completes  the  proof  of  Theorem  3.1,  so  we  may  turn  to  the  case  of 
infinite  sequences.  Here  we  shall  write 

/\.-e£V  r'j '  ■  kl,  . 

whenever  these  quantities  exist.  Let  us  further  introduce  the  condition 

(C2):  There  exist  some  constants  pp...,p^>l  with  £  p .  '<1  ,  such  that 


iE^\?,ivi  +  EIMPj  EiI,lvlTj 


,pU  P'V2 


Oo ,  j  =  l , . . . ,d , 


where  pi=p.A2  and  p'.-p.  V2. 
J  J  J  J 


Theorem  3- 5-  Let  7^  be  a  filtration  on  Z+ ,  and  let  ?  and  Tj  be  infinite 


random 


sequences  i  n  R  ,  such  that  ^  i  s  j T~  i  .  i  .  d .  while  Tt  j_s  ^-pred  i  c tab  1  e  .  Let 


such  that  the  correspondin 


non-random,  as  well  as  all  sums  S  ^  with  2<*  J  <■  d  and  J  C  K .  for  some  i  .  Then 
d  oo  m  m 

- E  j?,  =  E  Z HWW  ‘lZl  V*  ^  no) 

i  i 

where  T.  denotes  an  arbitrary  partition  of  K.  into  subsets  J,  and  where  P~  and 


olvnomials  in  the  sums  S.  or  moments  u . .  with  I  a  union  of  sets  in  71. 


or  a  subset  of  some  JE7T.  ,  respectively.  In  particular  E  j  =yj  ^  E  S  ^  ,  and  under  the 
further  assumption  S^.=0  we  have  E  ^  i  2  ^  S  i  2  ancj  ^3=/J  1  23^^  1  23 ' 

*ea-er  je^ions  of  this  result  Tav  oe  octa:ned  fro~  Theorem  3-'  t  ^ougm  a 

suitable  approximation  argument.  However,  a  direct  proof  seems  to  be  required 
to  obtain  the  above  statement  in  its  full  strength.  A  similar  remark  applies  to 
the  corresponding  continuous  time  results  in  Theorems  4.1  and  5.1. 

The  theorem  follows  from  Lemma  3-7  below.  But  first  we  need  the  result  in 
a  special  case. 

Lemma  3-6.  The  conclusions  of  Theorem  3.5  are  true  when  rj  is  non-random. 

Proof ,  First  conclude  f rom  (C^),  Proposition  2.1  and  Holder's  inequality 
that  E,  exists.  From  (C,)  it  is  further  seen  that  S.  exists  whenever  u./O. 


'•  »*•  .*•  *'  •*»  VVV  "V" ****""* Vv*> 


Finally,  it  is  seen  from  t.C  )  and  Holder's  inequality  that  S  exists  for  al 


jc|| . j|  with  -J>2,  and  that  ^  exists  for  all  J.  Similar  arguments  show 

that  rj  can  be  approximated  by  a  sequence  with  finitely  many  non-zero  elements, 
so  we  may  assume  that  al ready  rj  has  this  form. 


By  independence,  splits  into  a  product  of  similar  expressions,  with 


the  products  taken  over  the  sets  K,,...,K  .  It  is  thus  enough  to  consider  each 

i  m 

factor  sepa ra te 1 y ,  so  we  may  assume  that  m= 1 .  Wr i t i ng  7T  for  an  a rb i t ra ry  partition 
of  -[l,...,dj-  into  subsets  J,  and  (k^)  for  a  corrsponding  assignment  of  arbitrary 
distinct  indices  in  N,  we  get 


d  y>o 


By  Lemma  3-2,  the  second  factor  on  the  right  is  a  polynomial  in  the  sums  S  with 


I  a  union  of  sets  in  7 T.  This  proves  the  first  representation  in  (10),  and  the 
second  one  follows  if  instead  we  collect  the  terms  corresponding  to  the  different 


products  7Tv  The  explicit  formula  for  E,,  and  for  E9  and  E,  when  |k=0,  are 


easily  obtained  in  this  case  by  direct  computation.  If  instead  S.=0  for  some  j, 


J 


we 


mav  reduce  to  the  case  ^.=0  by  subtracting  ^  from  each  which  neither 


affects  the  sum 


ik 


nor  the  moments  u!_  and 


r 12  an°  ^123- 


Le^ma  3 • 7 •  Let  7,  ^  and  T|  be  such  as  in  Theorem  3-5,  except  that  the  product: 
u.S.  as  well  as  the  sums  S,  with  2<  -  J  <  d  and  JcK.  for  some  i  are  only  assumed 
to  be  ^-neasu rab  1  e .  Then 


d  oo  m 


where  the  P  are  polynomials  of  the  stated  form. 

Proof.  First  we  note  as  before  that  the  quantities  involved  in  (11)  exist 
because  of  (C^)  .  To  prove  (11),  we  shall  proceed  by  induction  over  d€Z+,  starting 
with  the  triviality  1=1  for  d=0.  Thus  we  fix  a  dtN,  and  assume  that  the  statement 

I i  true  for  dimensions  d .  Whenever  S,  exists,  write 


Uj’n  =  lo  U?ik  =  Sj "  up  llM’  n€N> 

and  note  that  the  sequence  (U  )  is  predictable.  By  the  induction  hypothesis, 

J  y  n 

we  may  conclude  that 

m 

E[jS  =  H\P^ K.(F|*U|,n)  a-S-’  n€N- 

where  the  factors  on  the  right  are  polynomials  in  the  products  u.U.  with 

U  J.n 

j  €  J  fl  K .  ,  in  the  moments  u.  with  ICJOK.,  and  in  the  sums  U.  with  ICJHK. 
i  /l  i  I ,n  i 

and  a  l>2 .  Letting  J  denote  an  arbitrary  proper  subset  of  .  ,d}»  and  conditioning 

in  the  n-th  term  below,  first  on  7  and  then  on  T  , ,  we  obtain 

n  n- 1 

El£  I,  Wo’  •  Etu,  7ts 1  ZfituW 

po  m 

7J%n)in  PJnK  tyVUl,n'l^ 

J  n=l  ieJ  r=l  r 

«°  __  m 

The  remaining  argument  is  similar  to  that  in  Lemma  3.4.  Thus  we  construct 
some  =£  independent  of  \/ ^,  and  put  ycr^' 1  ,...  ,^'k)  forkfcZ+. 

Since  the  above  computation  gives  the  same  result  for  the  triple  (T-1  ,  ,rj)  ,  we  get 

Elj7,  Im^1  '  '  ""j?,  2fjkTjd5.ro1 

Here  the  right-hand  side  has  the  desired  form  by  Lemma  3-6,  which  completes  the 
induction.  Q 


b.  Processes  on  [0,1] 

In  this  section  we  shall  prove  our  decoupling  identity  for  stochastic  integrals 

with  respect  to  exchangeable  processes  on  [0,1].  So  we  consider  R^-valued  processes 

X= (X , , . . . ,X  .)  and  V=  (V , , . .  .  ,V  , )  on  [0,1],  where  X  is  ergodic  exchangeable  and 
id  Id 

1/2 


d  i  rected  by  (pc,  f-P>  .  Put  0\  j j  ,  and  define  for  non-empty  J  c{' . “} 


PJk  ■  ft  ■  I,V  ft  '  | ,1V 


J 


(1) 

(2) 


.1 

'o  “  “  jeJ  J  ”  Jo 

whenever  these  expressions  make  sense.  Note  that  fi j  is  to  be  regarded  as  a  measure 
on  R\|o|.  We  shall  need  the  following  condition. 

(C^)  :  There  exist  some  constants  p.>1  and  q.>2py  j  =  l,...,d,  with  £pJ<l 
and  such  that  for  every  j 


'qj 


Oo . 


Theorem  4.1.  let  J  be  a  standard  filtration  on  [0,1],  and  let  X  and  V  be 
R  -valued  processes  on  [0,1],  such  that  X  is  erqod i c  f -exchanqeab 1 e  and  directed 
by  (<*,  f.P>  while  V  i s  7"- predictable.  Assume  that  ( C ^ )  is  fulfilled,  and  that  a  11  t h ^ 
products  ot.S.,  and  fl.S  .  are  a.s.  non-random.  Then 

c -  j  j  r  i  j  i  j  —  j  - 

=  E  i  £vxj  i3) 

where  the  summation  extends  over  all  partitions  7T  of  •[  1  ,  .  .  .  ,  d  j-  into  s  i  ngl  etons  w. 
pairs  {j,k},.  and  sets  J  with  «J>2,  and  where  P^  is  a  po 1 ynom i a  1  ]n_tne  integrals 
Sj  with  I  a  subset  of  some  J€7T.  In  pa  r  t  i  cu  1  a  r  Ej  =  and  under  the  further 

assumption  that  oCjS^=0  we  have  1 2+^ 1 2 ^ 1 2  ancl  =  ^  ]  2  3^  \  2}' 

As  in  case  of  Theorem  3-5,  there  is  also  a  dual  form  of  13).  witn  B  and  S 
interchanged  in  the  last  two  factors,  and  with  each  a  polynomial  in  the  sums 
B|  with  I  a  union  of  sets  J€.7T.  When  X  has  finite  variation,  it  is  natural  to 

write  o(l=  <x.-B,  ,  and  to  replace  1 3 1  bv 

J  J  J 
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(4) 


£d  ■ £  n  Ioy«j  {76^si}' 

where  T  denotes  an  arbitrary  partition  of  {l  ,  .  .  .  ,  d  J.  into  singl etons  £  i  ^  and  sets  J, 


and  where  P  is  a  polynomial  in  the  integrals  S.  with  I  a  subset  of  some  J fiTT. 

7T  I 


W  I 


For  the  proof  of  Theorem  4.1  ws  shall  need  two  lemmas,  where  the  first  one 
also  be  needed  later.  Let  us  write  M*=sup^ M  J  . 


Lemma  4.2.  Let  Mp...,Mj  be  cont  i  nuous  'j'-mart  i  nqal  es  starting  at  0,  and  such 


that  o..  =  [M.,M.]  is  a.s.  non-random  for  i^i.  Further  assume  that  II M*||  <.$©  for 

-  y,j  i  J  o° - - J  "p  j  — 


some  constants  Pj>1  ,  i  =  l , .  . .  ,d ,  where  p  '^£pj  '<1  .  Then  the  martingale 


-1 


m  =  e[7 f  m.w|t  ] ,  t>o, 

c  j=l  J  11 


(5) 


has  a  continuous  version  satisfying  j  M*  and  moreover 


EM  =  M  = 


U 


a-s.  , 


(6) 


where  the  summation  extends  over  all  partitions  T  of  the  set  1  , .  .  .  ,  d  j-  i  nto 


pa  i  rs 


Proof .  Write 


Vj(t)  -  [M.,M  ]t,  J-£i,j}C  d}. 


and  conclude  from  I  to '  s  formula  that 
d  d  „t 


7TM.(t)  =  I  [  7TM.dM .  TTM.dV  t>0,  (7) 

j=i  J  j  =  l  Jo  Mj  '  J  j  Jo  i*J  '  J 

where  the  last  summation  extends  over  all  (unordered)  pairs  JC  0 . d}.  Appl y i ng 

this  formula  to  the  integrands  in  the  last  sum  and  proceeding  recursively,  we  get 


77 m.  -  Z  f7TvMi  +  21  Z  ■■■  Z  Z  (77m  d« 

j  1  j  J  i  1  Uk*d/2  Jj  Jk  j  J  r  J  k J  i  1 


(8) 


'd/2 


d/2 


where  the  last  sum  occurs  only  when  d  is  even.  Here  the  summations  in  the  k-th 

term  extend  over  all  sequences  of  disjoint  pairs  J  j , . . . , C  {' . 4  and  over 

remaining  indices  j,  while  the  product  in  the  integrand  extends  over  all  indices 
i/j  outside  J.,...,J  .  Finally,  the  integration  is  taken  over  the  set 


r  * • * ,tw+\  )€R+  ;  t)>t2>...^.tk+)>0}.  Similar  conventions  apply  to  the  last 


sum  i n  (8) . 

We  shall  now  use  the  fact  that,  if  Vj,...,V  are  continuous  functions  of 
bounded  variation  starting  at  0,  then 

^  JdVr,J’**SdVrk  =  j?ivj’ 

where  the  summation  extends  over  all  permutations  r=(r^,...,r  )  of  (1,...,k). 
Applying  this  to  (8),  we  get 

TT*.  =X  f 7rvMi  +  ^  X  I \d7fv l7f m  dM  +  ITTv  (9) 

j  J  j  J  i  J  Uk<d/2  r  j  J  J  J  j  i  1  J  7T  J  J 
where  the  inner  summations  in  the  k-th  term  extend  over  all  (unordered)  collections 

■jr'  of  k  disjoint  pairs  Jc£l  , .  • .  ,  dj* ,  and  over  remaining  indices  j,  while  the  last 

product  is  taken  over  all  other  indices  i.  Moreover,  integration  is  now  over  the 

set  {(tj  ,t2)€R+; 

Next  we  integrate  by  parts  in  (9)  to  obtain 

77m  =  lf77vM;  +  Z-  I  ^i7rvJf7TMidMi- f7rv,  77M,dM.}  +  r  7Tv,  ■ 

j  J  j  J  i  '  J  i<kcd/2  r  j  l  j  r 1  J  J  j  J  i  1  JJ  7r  j  J 

Changing  the  order  of  summation  and  noting  that  the  products  77  Vj  (•«>)  =7Tp  j  are 
a.s.  constant,  we  finally  obtain 

fiw  +  f  7pj'  (io> 

where  the  inner  summation  in  the  first  term  extends  over  all  partitions  7f'  of 
the  set  d}\£}  into  pairs  J  plus  a  remaining  set  of  indices  i.  The 

assertions  of  the  lemma  will  follow  immediately  from  (10),  if  we  can  only  prove 
that  the  integral  processes  on  the  right  are  bounded  by  random  variables  in  L^. 

To  see  this,  let  p7=p.'+p7  when  J  =  -Ti  ,  j  V »  anc*  note  by  the  BDG  and  Holder 

sJ  I  J  *  ' 

i nequa 1 i t i es  that 


l'V3HpJ  6||{!"i’Mil[«r«j]}i/2||Pj  c||[«i,M.]l/2||pi||[H.,«j 


Pj  ~  '  '  Pi  J  Pj 


By  the  same  inequalities,  we  hence  obtain  for  fixed  j  and  if'  as  above 


redictable  processes  on  [0,1]  with  Iv-Jv* 
.d.  U ( 0 , 1 )  random  variables  such  that  the  processes 


Assume  for  some  constants  p,q  ^  .  ,q^>l  with  p  +2^j_q^.  <1  that 

e|m*|P<*>;  eJ*|  V  j  j  ^  <  Go ,  j=l,...,d. 

Then 

E  M  JTV.  (T.)  =  0. 

'  j=l  J  J 

Proof .  By  Proposition  2.6  we  have 

W  ■tJ(t’d(,ftjst})  -Lyy  j-' . d’ 


u.  (t)  =  V. (t) 
J  J 


rl 

V  V  (s)ds, 
Jt  J 


j  ,  j  - 1  ,  .  .  .  ,  d  , 

(13) 

processes  U.  are  given  by 

t€ [0 , 1 3 , 

(MO 

tt[0,l). 

(15) 

Since  the  martingale  M  and  the  integral  processes  Nj=JlLdM^  are  mutually  orthogonal, 

we  get  by  I  to ' s  formula 

d  t  t+ 

M(t)  7T  N.(t)  =  f  7T  N-dH  +  I  M/lN.dN.  a.s. ,  tS[0,l] .  (16) 

j=l  J  J0  j  J  j  J0  iVj  1  J 

Thus  (12)  will  follow  if  we  can  show  that  the  integral  processes  on  the  right  are 

mart i nga 1 es . 

To  see  this,  choose  p.<q./2,  j  =  l,...,d,  such  that  p  ^+£p.  =1.  Using  the 
BOG  and  Holder  inequalities  plus  Proposition  2.8,  we  get  from  (11) 

i  _  |  r  r  1  0  ,,  1  /2  ,  /* 


E  sup]  f  7T  N  . dM  J  <  77  N2d[M,M]l  <E[M,M]|/2T[n* 

t  lJ0  j  J  |  lJ0  j  J  J  j  J 

<  !/2llp7pN}liPj  s  li»%7T{c  Jjvj  |qj}'/qj  -  »• 


so  by  uniform  integrab i 1 i ty  the  integral  on  the  left  must  be  a  martingale.  In 
the  same  way  we  get  for  j=l,...,d 


E  sup 


up  M  |  N  dN  U:  Ed  m  /  N.d  N.,N, 

t  /J 0  *j  1  J'~  Vo  iVj  1  J  j  J 


where  the  finiteness  of  the  second  expression  shows  that  the  stochastic  integral 
on  the  left  is  a  local  martingale,  and  hence  justifies  the  use  of  the  BDG 
inequality  in  the  first  step. 

Proof  of  Theorem  4.1.  Note  first  that  E,  exists,  in  view  of  (C„)  and 
-  d  2 

Propositions  2.6  and  2.8.  By  Proposition  2.4  we  may  integrate  termwise  in  (1.5), 
and  by  Proposition  2.8  it  is  enough  to  assume  that  X  has  finitely  many  jumps. 
Writing  Xj(t)^Xj(t)-  « .  t ,  so  that  X  j  ( 1 )  =^0 ,  we  get 

E  If  f'v  dX  =  E  S  ♦jVdX'}  -I  7T«,S  E  7T  f'vjdXi, 

j  =  l  J0  J  J  j  =  l(.  J  J  Jo  J  JJ  J  j£J  J  J  jfcJ  J  J 

where  the  summation  extends  over  all  subsets  J C  £l  ,  •  .  •  ,  dj  .  Thus  we  may  further 
assume  that  o<  -fSj  =0 • 

For  each  j=l,...,d  we  write  for  the  martingale  component  of  B^  and  define 
U .  by  (15),  so  that 


f  V.dB.  =  f  U.dM.  =  N.O),  j  =  l,.. .,d, 

Jn  J  J  Jn  J  J  J 


by  Proposition  2.6,  where  the  integral  process  on  the  right  is  a  continuous 

L  -martingale.  From  Lemma  2.7  it  is  further  seen  that  for  i/j 
qi 

r1  r'  r1 

[N. ,N.  .  =  \  U . U . d [M . ,  M .  ]  =  p.  .  U.U.  =  p.  .  V .  V  .  =p..S... 

1  j  1  J0  1  j  '  j  v '  j  J  o  1  j  V'-Uo  1  J  Y 1  j  u 

By  Lemma  4.2  there  hence  exists  for  every  J  ={' . «}  some  continuous  L 

_  j  _  j  J 

martingale  Mj  (p^  =  XjPj  )  satisfying 

M  (1 )  =  7T  N  .  ( 1 )  =  77  f  V.dB., 

and  1  J°  J  J 

E  «j(D  •  I  TTINi-Nj1,  =  I  TT.fij'ij. 


Tj  I  ,  j 


7 Tj 


where  the  summations  in  (19)  extend  over  all  partitions  7Tj  of  J  into  pairs 

Let  us  now  write  77-'  for  an  arbitrary  collection  of  disjoint  sets  Jc{l,...,d 
put  J  '  =  f)JC,  and  let  the  indices  k^fcN,  J6T1  ,  be  different  but  otherwise  arbitrary 
Using  Proposition  2.4  and  (18),  we  get 


n  j  v*.  ■  e  ft  {['*=<16,  +  fiVi'Vf 

j  =  1  J0  J  J  j  =  l  l  J0  J  J  k=t  J  J  k  J 

-  eIm  (1)  I  7f/5  V  (T  )  -  I  I  7T/3j  k  E  M  (1)  7fv  (T 

V  J  (k.)  J  J>kJ  J  kj  7r 1  (k.)  J  1  J>kJ  J  J  J  kw 


d  r  _! 


Writing 


?VA’  ■  7T{Sj  * 


and  expanding  the  product  on  the  right,  it  is  seen  from  Lemma  4.3  and  (19)  that 


so  we  get 


E  "j,(»7 JVjtr  >  -  E M j . < i >  7Tsj  -  Z  n^jSijTrsj, 

J  J  J  rtj  I  I  ♦  J  J 

e  ft 


By  Lemma  3-2,  the  inner  sum  on  the  right  is  a  polynomial  in  the  sums  B  with  K  a 

K 


union  of  sets  J€1T'.  If  instead  we  collect  the  terms  involving  a  given  product 


7fBK,  it  is  clear  that  the  coefficient  will  be  a  polynomial  in  the  integrals  Sj 


with  J  a  subset  of  some  K.  This  completes  the  proof  of  (3). 


The  explicit  formula  for  follows  immediately  from  (3),  while  those  for 


£  and  E  when  oc.  S  .=0  are  obtained  from  (20)  with  S'  in  place  of  S,. 


tf.V.V.'v.V 


-  -.v-y 


5.  Processes  on  R 


Our  aim  in  this  section  is  to  prove  a  decoupling  identity  for  stochastic  integrals 

with  respect  to  Levy  processes.  Thus  we  consider  R^-valued  processes  X= (X  , . . . , ) 

^  1  /  ^ 
and  V=(V j . ,V^)  on  R+,  where  X  is  Levy  and  directed  by  (»•?  ,i/) .  Put  cr.=^ '  , 

and  define  for  non-empty  subsets  J  ={' . dl 

Ni  =  fTT*;^*)  =  T 7T v  =  7T».,  s  =  [  v  ,  (i) 

J  Jj£J  J  Jj€J  J  1  d  J  j€J  J  J  J0  J 

whenever  these  expressions  make  sense.  The  following  condition  will  be  needed. 

(C^)  :  There  exist  some  constants  Pp...,p^>l  with  Z  Pj '<1  .  such  that  for  all  j 


Pj]^oo, 


where  p!  =  p.  A2  and  p',-p  .  v  2  . 

J  J  J  J 

Theorem  5 ■ 1 ■  Let  ^  be  a  standard  filtration  on  R  ,  and  let  X  and  V  _be  Rd- 
valued  processes  on  R+,  such  that  X  j_s  7-Levy  and  directed  by  (r.p.v)  while  V  i s 
7-pred ictab 1 e.  Assume  that  (C^)  is  fulfilled,  and  that  the  products  y.  S  .  ( for  d>l), 
0..S..  (for  d:>2),  and  N  ,S  .  (for  2<sJ<d)  are  a.s.  non-random.  Then 

lu  u  —  —  J  J  —  -  - 

E  7T  f V  dx  =  e£  7T V;S  7T(pik+N  )5  7TNjS  ,  (2) 

j=i  Jo  J  J  r  i  j , k  >Jk  Jk  Jk  j  J  J 

where  the  summation  extends  over  all  partitions 7T  of_  .■Cl . d}.  into  singletons  {'}• 

pairs  {j,k^,  and  subsets  J  with  -J>3- 

Note  that  N.,  can  be  omitted  from  the  second  product  on  the  right,  provided 
J* 

that  sets  J  with  -J=2  are  allowed  i n  7T.  If  X  has  locally  finite  variation  while 
|V|  is  integrable  on  R+,  one  may  introduce  the  constants  yj  =  Y.-Nj,  and  write  (2) 
in  the  form 

E  K  P°ujdxj  *  EI  ?T  t;s.  7THjS  (3) 

j=I  0  J  J  7T  i  J 

where  the  sumnation  extends  over  all  partitions^"  of  {' . d}  into  s  i  ng 1 etons 

and  subsets  J  . 

The  method  of  proof  is  similar  to  that  for  Theorem  3-5.  though  technically 


ore  comp 


plicated.  The  key  step  is  Lemma  5-8,  where  we  proceed  by  induction  over 


d  to  establish  a  conditional  version  of  (2)  (though  formally  in  terms  of  optional 


projections).  Our  proof  of  Lemma  5.8  requires  V  to  be  bounded,  so  a  reduction  to 
that  case  is  given  through  the  construction  in  Lemmas  5-4  and  5-5.  We  shall  also 
need  some  simple  moment  estimates,  as  provided  by  Lemmas  5.2  and  5-3-  The 
remaining  Lemmas  5-6,  5-7  and  5.9  are  simple  results  in  real  analysis  and 
stochastic  calculus,  which  ought  to  be  known,  though  we  were  unable  to  find 
references . 

Unless  otherwise  stated,  we  assume  that  X  and  V  are  such  as  in  Theorem  5-1, 
and  in  particular  that  (C^)  is  fulfilled.  As  before,  let  Pj  be  defined  for 
subsets  Jc{l . dj.  by 

Lemma  5-2.  For  any  J  wi th  # J>2 ,  we  have 

e{iivjIp}p  j  -«=  ©o,  '  £  p  £  Pj  •  (M 

Proof ,  We  may  assume  that 

j|x.|Pjy(dx)  tw,  E{JlVj|Pjj’Pj  +  Ej|Vj|  Pj  ^  j'eJ’  (5) 

since  (4)  is  trivially  true  if  any  of  these  integrals  vanishes.  Then  Holder's 


i nequa 1 i ty  yields 

j7ri*j!  J',(dx)<  »,  EJlvj! 

so  by  norm  interpolation  (formula  (2.10))  it  remains  to  show  that 


J'7f|Xj|V(dx)<C  0°,  EjJlvjJ  J  po. 

To  see  this,  note  that  xP*2^  x^aI  +  xP  for  x,p^0,  so  that  by  (5) 

J'j  x  j  j  -*V(dx)  c  j*(x  j  A  1 )  V(dx)  +  JVj!  J  Mdx) -i  Po,  j€J  .  (6) 

By  norm  interpolation  we  get  from  (5)  and  (6) 

J|  Xj.J  PV(dx) -t  ,  E^^V^|P|J  <.©©,  Pj  ^  P  ^  Pj  >  J*J-  (7) 

Now  clearly 


-1  .  1  ,  -1 
P  i  <  1  <  t“j  <■  I  p!  , 
2  j€J  J 


so  we  may  choose  some  q.t[p!,p.j,  j€J,  satisfying  J  q.  =1.  Using  (7)  with  p=q . , 

J  J  J  J  J  J 


we  get  by  Holder's  inequality 


<  90. 


1/q  . 


jV(dx)} 

4JW}Pj  <  E0N  *  MN  qj}Pj/qj]Pj/Pj 


^  09, 


as  des i red . 


□ 


In  the  special  case  when  ^>=0,  we  introduce  the  covariation  processes  X^ 

and  their  associated  total  variation  processes  X^ ,  given  for  Jc  {' . 4  with 

-J>2  and  for  t>0  by 

x,(t)  =  Y  7Tax. (s).  x  (t)  =  Y  7T|a*-(s)|  =  \  tdx , | .  (8) 

J  s<t  jtJ  J  J  s<t  jc J  J  1  V  J 

Note  that  X^  and  X^  are  aga  i  n  ^-L^vy ,  with  Levy  measures  y/j  and  .  given  for 
Borel  sets  BcR\{0}  by 


VMB)  =v{x€Rd;  7 Tx:  «■  b},  V.(B)  =  ^(xtRd ; 

J  j€J  J  J  L  j  € J  J 

-1  T  -1 

J  =  IJPj  • 


(9) 


In  particular  X^  has  drift  Nj.  Recall  that  p 


Lemma 


5  ■  3  •  I  f  ^=0,  we  have  for  any  Jc{l,...,dj-  wi  th  -J>2 

j{^,^p’'to,}p/p^PE{iwprj/p 


oo . 


do) 


!<P<Pj 


Proof .  The  expression  on  the  right  is  finite  by  Lemma  5.2  plus  norm 
interpolation,  so  Proposition  2.2  applies  with  X,  V  and  p  replaced  by  X^,  |v^| 
and  p  ,  and  (10)  follows. 

J 

Lemma  5-^.  Fix  arbitrary  numbers  m^R,  WJc(l,...,d|..  Then  there  exists 
some  measure  |i  on  the  cube  C=[-!,l]d,  such  that  |j(C)  =  £jmj|  and  moreover 


Q 


SE*  .j j(dx)  =  mj,  0  /  Jc{l . dj 


(ID 


Proof.  Suppose  we  can  find  some  probability  measures  jJj  and  ^  on  C 
satisfying 

J*  77  XjfJj(dx)  =  i  UI=J},  0  ^  I  ,  J  C  {l  ,  •  •  •  ,d]».  (12) 


iei 

Then  the  measure 


^  =  Z(mj^0)pj  -  Y  (mj  A  0)|i 


(13) 


has  clearly  the  desired  properties.  To  construct  fix  keJ ,  and  let  ,  jCJ\{k^, 


be  independent  random  variables  (on  some  probability  space)  with 
=  1/2.  Choose  ^  such  that  7Tj^j=+l,  and  let  %.=0  for  j£J.  Take  jj”  to  be  the 

distribution  of  . '  "^en  (12)  's  tr'vially  fulfilled  for  l\J^0  or 

I C  J\{k} ,  and  if  k€ICJ  we  get 

r 7Tx ; j  (dx)  =  E  77 ?;  =  t E  7Tf;  7T %■.  =  t E  77  =  ±  1  {|=J}-  U 

J  iei  iei  ; e i  j £j  J  j«j\i  J 

For  the  purpose  of  the  next  lemma,  say  that  the  probability  space 
is  an  extens  i  on  of  (.XL,©  ,P),  if  P  is  the  image  of  P '  under  some  0 1  /0  -measurab  I  e 
mapping  (j) :  £1! -  Note  that  any  random  element  %  onXLthen  extends,  with 
preserved  distributional  and  path  properties,  to  a  random  element  on  Xll  through 
the  composition  We  shall  further  say  that  a  filtration  JT 1  on  XL1  extends 

on  fi  ,  i  f  i  s  a  1  so  TlfTt  -measurable  for  every  t.  In  this  case,  adaptedness 
and  predictability  are  automatically  preserved  by  the  extension,  as  is  the 
stopping  time  property  of  a  random  variable.  Usually  (XI1, ®',P')  is  formed  as 
a  product  of  (X1,<D,P)  with  some  other  probability  space,  in  which  case  is 
always  taken  to  be  the  natural  projection  of  XL'  onto  XL.  (Cf.  [4],  p.  89.) 

Lemma  5.5.  For  every  £ > 0  there  exists,  on  some  extended  standard  filtered 
probab i 1 i ty  space  (XL1 , ©  1 , T  1  ,P 1 ) ,  _an  Rd-va 1 ued  ‘F'-Levy  process  X '  jon  R+,  such 
that  X'  ’ s  d i rected  by  (T.^.VT)  for  some  bounded  and  bounded ly  supported  Levy 
measure  V '  with  the  same  moments  N^  (tf  J>2)  _as  V>,  and  such  that  moreover 


no 


I  77  t  v.dx:  -  7T  \  v  dx  U  e.  OM 

j=l  Jo  J  J  j=l  0  J  Jl 

Proof.  For  each  n€N,  form  a  process  on  R+  by  adding  to  the  drift  and 

diffusion  components  of  X  the  centered  sum  of  jumps  in  X  with  size  between  n 

and  n.  Note  that  both  Y  and  X-Y  are  aga  i  n 'T'-Levy ,  and  directed  by  (y,p,H  )  and 

n  n  )  n 

(0,0 ,X'  ) ,  respect i ve 1 y ,  where  K  is  the  restriction  of  V*  to  the  set  -fx€R  ; 
n  n  '• 

'  Ixjcn},  while  X.'n=  ^  ~  Xr  .  For  J  C  {l  ,  •  •  •  .  d|  w  i  th  *J?2  ,  put 


n  < 


nJ 


(15) 


and  form  a  measure  u  as  in  Lemma  5-4.  Next  define  on  the  Lebesgue  unit  interval 

r  n 
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ry. 


0,2*,}  )  a  centered  compound  Poisson  process  Z  with  Levy  measure  u  ,  and 

n  In 

consider  a))  random  processes  as  functions  on  the  product  space  (XL1, O',  P') 

=  (.Q.X  I  ,  P*3)  .  Let  T  be  the  (O',  p  ')-completed  filtration  on  JQJ  generated 

by  t  and  Z^,  and  note  that  is  automatically  right-continuous.  It  is  easy  to 

check  that  the  pair  (Y  ,Z  )  and  hence  also  the  sum  U  =Y  +Z  are  ^-'-Levy.  Note 

n  n  n  n  n  n 

also  that  U  is  directed  by  (r,o,v ),  where  W  =  X  +u  ,  and  that  J/  gives  the 
n  J  n  nn/n  n 

same  values  as  V  to  the  moments  Nj  with  ?J>2. 

It  remains  to  show  that  (lA)  is  fulfilled  for  X'=Un  when  n  is  large.  We  may 

then  assume  by  (C^)  and  Lemma  5-2  that  (with  pj  =  p^.A2) 

f|x  .1  P^(dx)  c  oo,  p€ [ p ! , p  .  ] ,  j  =  1 . d ,  (1 

J  J  J  J 

f  IT  |x-|  y(dx)<  a©,  J  c{l . dj-,  -  J>2 .  (1 

J  j£J  J 

From  ( 1  5)  - ( 1 7)  we  get  by  dominated  convergence  as  n->w> 

Jlxj|  Pj<n<dx)  0.  P€[pj.PjL  j  =  1  , .  .  .  ,  d ,  (1 

ji*ji‘Vn<d*>  -I  Kj|  ■£  c 

Hence,  ’jy  (C^)  and  Proposition  2.2, 

||Cv(Y%>|p  s|fjd(xj-',nj)lp  *  IfM  -«•  <2 

j  j  j 

Since  also  Ij^V.dX.lj  -<.&o  for  each  j,  we  may  conclude  by  Holder's  inequality 


Since  also  j dX ^ Jy ^  -<Oa  for  each  j,  we  may  concl 
that  the  left-hand  side  of  (14)  tends  to  zero  as  n 


Lemma  5 • 6 •  Let  F  ^ , . . .  ,  be  right-continuous  functions  of  locally  bounded 
variation,  and  define  for  J  C.-[l  ,  .  .  .  ,  d^  with  a  J>2 

F  .  ( t)  -F  (s)  =  £  7TAF .  (u)  ,  -0o<s<t<-‘»o.  (2 

J  J  ut(s,t]  J 

Then  ,  .  , , 

7T  F  -  ( t)  -  7T  F .  (s)  =  i.  \  dF  (u )  JT  P  •  (u_ )  i  -<*<sct<  09.  (2 

j  =  l  J  j-1  J  J  ^s+  J  j*J  J 

where  the  summation  extends  over  all  non-empty  subsets  J  c{l . d>. 

Proof.  This  is  obvious  for  d=l ,  and  for  d=2  it  reduces  to  the  formula  for 
integration  by  parts.  The  assertion  for  general  d  fol lows  easily  by  induction. 


J 


Lemma  5.7.  Let  X,  Y  and  A  be  random  processes  on  R  ,  such  that  X  j_s_ 


isurable  with  EX*  ^00  ,  while  Y  is  optional  and  A  is  adapted  and  right-continuous 


with  locally  bounded  variation.  Assume  that  E  [X  ;  T-*»»]=E  [Y^ ;  f<*Q]  for  ever', 
stooping  time  T,  and  that  eJixJ  |dA|-*  oo.  Then  Ej*XdA=EyYdA. 


Proof .  For  any  stopping  time  'V , 


Yt  =  E[Xt  %]  a.s.  on 


so  by  Jensen's  inequality 


E[  |Yt|  ;  T<*o]  <  E[{Xt|;  T<«] 


Assuming  without  loss  that  A  is  non-decreasing,  and  letting  ,  t>0,  denote  the 


associated  random  time  change,  we  get 


eJI  Y  |  dA  =  yE[|Yr  |  ;  Tt<Hdt  <  ^l\\  |  J  TfUt  =  eJ*  |  X  | . 


Using  Fubini's  theorem,  we  thus  obtain 


E^YdA  =  JeIY^.  ;  Tt<—]dt  -  Je  [)(  ;  Tt<w>]dt  =  E^XdA. 


We  are  now  ready  for  our  key  lemma,  where  we  assume  again  that  X  and  V  are 


such  as  in  Theorem  5.1.  For  any  subset  JC{1 . d}  wi th  # J>2 ,  we  wri te 


!  ( t )  =  J  V j  (s) ds  ,  t>0 . 


Lemma  5  •  8  •  Assume  that  Tf  ,p=0 ,  and  that  is  bounded  with  bounded  support. 
Let  M  be  a  continuous  martingale  with  where  p  *+£  Pj  »  and  assume 

that  N,S,  is  a.s.  non-random  even  for  J= -f  1  , .  .  .  ,d},  unless  M  is  constant.  Then 

j  J  " 


we  have  for  any  stopping  time  T 


d  oo 


E  7 Tf  V.dx  =  E  M  I  7T  NU(r),  (2 

j-i  Jr+  J  J  T  7T  j  J  J 

where  the  summation  extends  over  all  partitions  7 T  of  { 1 , . . .  ,  d}  into  sets  J  with 


*J>2. 


Proof.  We  shall  proceed  by  induction  over  d,  starting  for  d=0  with  the  fact 


that  has  optional  projection  M  .  Let  us  thus  fix  a  dfcN,  and  assume  that  (24)  is 
true  with  d  replaced  by  1 , .  .  . ,  d—  1  .  To  extend  (24)  to  d,  fix  T>0,  and  proceed  as 


follows,  where  each  step  will  be  explained  in  detail  below: 


E  M„  Ti  J“  V  dX  -  E  M  7T  f"  V  dX 

j  =  i  jt+  J  J  j=i  Jr^T+  J  J 

/■TVT+  e« 

=  E  h  J  v  (t)dx.(t)  7T  f  v.dx. 

J  JT+  J  j*j  Jt+  J  J 

-T*T+ 

=  E  I  V  ,(t)dX  (t)M  Z  71  N  U  (t) 

J  JT+  J  J  C  jf>  |  11 

fTvT. 

=  E  I  Nj  JT  Vt)dt  Mt  I  7T n,u| (t) 

rTvT 

=  E  I  NjJ  Vj(t)dt  Z  TT  N,U(  (t) 


J 


=  E  I  7 T  NjUjIt)  -  E  I  7TnjU  (tvt, 

T  J  3T  J 

=  E  M  7  -  E  M  X  Jfu  u  A'ZvT) 

7T  J  T  J  J 


(integration  by  parts) 


(optional  projection) 


(dual  predictable  projection; 


(optional  projection) 


(integration  bv  parts) 


(opt i oral  samp  ling) 


Here  the  integration  by  parts  in  the  first  step  is  according  to  Lemma  5-6  but 
in  reversed  time.  The  optional  projection  in  the  second  step  is  by  the  induction 
hypothesis  plus  Lemma  5-7 .  Note  that  the  innner  summation  on  the  right  extends 
over  all  part  i  t  ions  7T'  of  the  set  {_!,...  ,d}^J  into  subsets  I  of  s  i  ze  >2 ,  and  that 
the  i n teg rab i 1 i ty  requirements  are  fulfilled  by  Proposition  2.2  and  Lemma  5-3- 
Since  the  new  integrands  are  continuous  adapted,  and  hence  predictable,  we  may 
proceed  in  the  next  step  by  a  dual  predictable  projection,  where  each  process 
Xj(t)  is  replaced  by  its  compensator,  which  is  Njt  if  ?J>2  and  vanishes  otherwise. 
Note  that  the  outer  summation  on  the  right  is  restricted  to  subsets  Jc|l ,  .  . .  ,dj 
with  =J>2.  The  third  step  is  formally  justified  by  Proposition  2.2  with  p=l , 
where  the  i ntegrab i 1 i ty  condition  follows  from  the  fact  that,  by  Holder's 
inequality  and  Lemma  5.2, 


EjTo|vJ»7Tul|£||Hip|j\J||pj7riluill( 


-c  p©  . 


In  step  number  four  we  are  using  Lemma  5.7  again  to  replace  M  by  where  the 

required  i n teg rab i I i ty  conditions  now  follow  as  in  (25).  Step  number  six  is 
again  by  reversed  integration  by  parts,  as  in  Lemma  5-6-  The  sum  in  the  first 
term  is  now  ^-measurable,  unless  M  is  constant,  so  we  may  replace  by 


ii 


E[H#0|^,]=M^  ,  which  yields  the  final  expression. 

To  complete  the  proof,  it  remains  to  notice  that,  by  Holder's  inequality 

E  f"  v:dxi|  S.ll»ip  U  ||f"  v  dx  |  . 

j  =  l  JTvT+  J  Jl  P  j  =  l  ,|JTvT+  J  J,,pj 


while 


lE  M«  I  TTnjUjItvdI  <  M  I7T|n  I  If 

If  J  T  J  Tv  T 


|vA,' 


where  the  expressions  on  the  right  tend  to  zero  as  T-*<w  ,  by  Proposition  2.2 
and  Lemma  5.2  plus  dominated  convergence. 

The  following  simple  result  will  be  needed  to  prove  Theorem  5-1  when  d=2. 

Lemma  5-9.  F i x  p , q>  1  wi th  p  ^  +q  ' <1  ,  and  let  M  and  N  be  mart i nqa 1 es  with 
//M”||p-<«o  and  Then 

E  E  "oN0  + 

Proof.  By  the  BOG  and  Holder  inequalities, 


E  sup 


t>  ^  1/2 

up|f  M  JnU  «Jd[N,Nl|  <  E  H*[N,N)^/2  <  |jM*Jp ||[ N . N I 


and  similarly  with  M  and  N  interchanged,  so  the  processes  J*M  dN  and  J*N  dM  are 
uniformly  integrable  martingales,  and  (26)  follows  from  Ito's  formula. 

Proof  of  Theorem  5.1.  Since  the  assertion  holds  for  d=l  by  Proposition  2.2, 

we  may  assume  that  d>2.  In  that  case  the  products  'fjSj  are  non-random,  so  we  get 

with  X  !  ( t )  =X  .  ( t )  -  T.  t 
J  J  J 

e  7 r  fv.dx .  =  i  7r>.s.  e  7T  r  v  dx;,  (27) 

j  =  l  J0  J  J  J  j£J  J  J  jj£J  J0  J  J 
where  the  summation  on  the  right  extends  over  all  subsets  J C  {l  ,  .  .  .  ,  dj- .  Thus 

we  may  henceforth  assume  that  X  is  centered.  By  Lemma  5-8  we  may  further  take 

j/  to  be  bounded  and  bounded  1 y  supported. 

Write  B  and  Y  for  the  continuous  and  purely  discontinuous  components  of  X, 

and  denote  the  integral  processes  ^V^.dBj  by  .  Then  the  quantities 

[M. ,M.l  =  \  V.V.d[B.,B.]  =  p.  .S.  i/j,  (28) 

1  j  *°  jq  1  j  i  j  r  •  j  •  j 

are  non-random  when  d>3,  so  in  that  case  there  exist  by  Lemma  ^.2  some  continuous 
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(29) 


mart i nga les  Mj ,  J  <={l . d},  satisfying  M^  (<«)  =  7Tf.)  M .  II  Mj |jp  -<  Oo,  and 

E  M  =X  J[o  S  JC{! . d}( 

7r'  i,j‘  J  J 

where  the  summation  on  the  right  extends  over  all  partitions  ft'  of  {' . >i}  i  nto 

pairs  {i.j]-.  Putt  ing  Mj=j  when  J=0,  we  get  by  Lemma  5-8  withf=0 

E  n  fv.dX  =  ElH  W7T  p-dY  =  e£  7T  Pj  ;si  ;  7T  MS.  (30) 

j  =  l  J0  J  J  J  J  jiJ  J0  J  J  7T  i,j>  J  J  J  J  J 
with  summations  first  over  arbitrary  subsets  Jc{l,...,d},  and  next  over  partitions 

7T  of  {l ,  .  .  .  ,d}  into  pairs  {'•j}  and  subsets  J  with  rJ>2.  This  completes  the  proof 

for  d>3,  so  it  remains  only  to  take  d=2.  But  in  that  case  the  first  equality  in 

(30)  holds  with  M]2=M1M2’  aS  ^oes  the  second  one,  since  by  (28)  and  Lemma  5-9 

E  =  E[M,,MJ  =  E  d 


ww 


v 


6.  Predictable  transformations 


We  have  seen  already  in  Section  1  how  the  results  and  methods  of  this  paper  yield 


a  unified  approach  to  various  invariance  theorems  in  exchangeability.  Here  we 


shall  continue  this  discussion  by  looking  at  some  further  examples.  We  shall 


further  state  our  general  reduction  Theorem  6.**,  and  give  a  few  applications. 


Most  results  in  this  section  are  either  easy  consequences  of  earlier  statements 


or  follow  by  similar  arguments,  so  we  shall  be  rather  brief,  and  leave  most 


details  to  the  reader. 


Let  us  first  consider  the  case  of  separately  exchangeable  sequences  or 


processes  in  R  .  By  definition,  these  are  invariant  in  distribution  under  possibly 


d i f ferent  permutations  in  the  d  components.  We  may  further  define  the  notion  of 


separate  'JT-exchangeab  i  1  i  ty ,  by  requiring  the  above  property  to  hold  conditionally 


after  time  t,  given  As  before,  there  are  unique  de  Finetti-type  representations 


in  terms  of  ergodic  distributions,  and  it  is  easy  to  see  that  the  latter  correspond 


to  sequences  or  processes  where  the  d  components  are  independent  and  ergodic  in  the 


usual  sense. 


Proposition  6.1.  Fix  1  ={’l  ,  .  .  .  ,  nV  or  N ,  and  consider  random  variables  {•..  and 

J  J  * 


r. .  ,  i=  I . d  ,  k€  I  ,  such  that  $i=  (t;. .  )  is  separately  'F-exchanqeab  1  e ,  while  the  T , 

j  k  j  k  j  k 


are  T-pred i ctab I e  stopping  times  in  I  and  a.s.  distinct  for  fixed  j.  Then  (£.  ^  ) 


If  instead  X  and  U  are  processes  on  I  =  [  0 , 1  ]  or  R,  such  that  X  is  Revalued 


and  separately  r-exchangeable  while  U  is  I  -valued  and  T~ predictable  with  ^U.’  =  ^ 


a.s.  for  each  j,  then  (XjU|  ,...,X^U^  )  =  X, 


It  is  not  hard  to  extend  the  one-dimensional  arguments  of  [12]  to  the  present 


context.  An  interesting  alternative  is  to  use  decoupling  identities,  as  follows. 


Consider  e.g.  the  continuous  time  case,  and  assume  for  simplicity  that  X  is 


ergodic.  If  the  time  scale  is  R  ,  we  may  reduce  to  the  case  of  bounded  jumps  by 


a  simple  truncation.  Now  fix  simple  step  functions  fj,...,f^  with  compact  support. 


and  note  that 


SSSaaai 


j  =  1 , . . .  ,  d ,  m€N . 


yVV  d* =  i Yl  uj  }  =  y jdA> 

By  Theorem  4.1  or  5.1  we  get,  for  any  , . . . ,m  £Z+, 

d  ,  m .  d.  m.  d-  m. 

E  ^{fjdtX.U-  )}  J  -  E  TryVUjdXj}  d  .  E  TTflfj-Xj}  J. 

Since  the  moments  determine  the  distribution  in  this  case,  by  Proposition  2.2 
or  2.8,  we  obtain 

f  $f  d<x  U-')  a  £  tf  ix 
j=r  J  J  J  j=iJ  J  J 

and  the  assertion  follows  by  the  Cramer-Wold  theorem. 

A  similar  argument  applies  to  infinite  sequences.  For  finite  sequences, 
however,  ergodicity  in  the  sense  of  separate  exchangeability  does  not  imply 
ergodicity  in  the  joint  sense.  For  this  reason,  one  needs  the  following  extended 
version  of  Theorem  3.1,  which  may  be  proved  in  the  same  way. 

Lemma  6.2.  Let  %  and  rj  be  random  n-sequences  in  R^ ,  such  that  £  is  jointly 
T-exchanqeable  while  tj  is  7-pred i ctabl e .  Suppose  that  the  partition  i*K . K 


I 

of  £1  ,  .  .  .  ,dj-  splits  J-  into  independent  erqodic  sequences.  Let  (C  j  )  be  fulfilled , 
and  assume  that  the  sums  S,  with  JcK.  for  some  i  are  a.s.  non-random.  Then 


E  •  1  k  1  J‘k^jk  "  n,K.lRJ’5J/’ 

j  =  1  k= I  J  J  i=l  ’  i 


for  some  polynomials  P 


n  the  sums  R.  and  S.  with  JCK 


Larger  classes  of  predictable  transformations  preserve  the  distributions  of 
continuous  exchangeable  processes. 

Propos i t ion  6.3.  Let  B  be  an  ^-exchanqeab 1 e  Brownian  motion  on  l*R  or_ 
bridqe  on  l=[0,l],  and  let  V.,  t£  I  ,  be  a  family  of 'T’-pred i ctab  1  e  processes  on  I 


u=0  a.s.  for  each  t,  and  such  that  respective! 


Then  B  has  the  same  distribution  as  the 


\  ■  I,Vu)d 

B  , 

u 

tei . 

Proof.  We  may  e.g. 

take  1 

=[0,1].  By  Theorem  4.1  we  get  for  any  d€N  and 

’  tf  -  tf  ■ .  tf-  .  MX  tf  _  <_»  —  <■  .  «  —  • 
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J  =  l  J  7r  i  ,  J 


J  =  '  J 


where  7T  denotes  an  arbitrary  partition  of  the  set  {' . «}  into  pairs  {i,j}.  Since 

Gaussian  distributions  are  character i zed  by  their  moments,  it  fol lows  that  V  =  B. 

An  interesting  example  is  to  take  V=(V^_)  to  be  an  ergodic  exchangeable  process 

on  I,  defined  on  the  Lebesgue  unit  interval  as  a  probability  space.  Assuming  the 

2  2  2  2 
directing  triple  (<*, cr  ,j>)  or  (Tf.cr  ,V)  to  be  such  that£*=0  and  a  +  IP  .=1 ,  or  X=0 

2  2 

and  cr‘  +JX  V(dx)=l ,  respectively,  it  is  easily  seen  that  V  satisfies  the  conditions 
of  Proposition  6.3,  with  the  integrals  taken  over  [0,1].  If  l=R+,  we  may  extend 
the  definition  to  I  by  putting  Vt(u)=0  for  u>l.  Note  that  the  functions  V^, 
regarded  as  processes  on  I,  are  non-random  in  this  case  and  hence  trivially 
predictable.  Intuitively,  the  process  Y  is  obtained  here  as  a  'stochastic  average* 
over  the  paths  of  V . 

Our  next  aim  is  to  state  our  general  reduction  theorem  mentioned  earlier. 
Though  this  result  is  not  directly  related  to  exchangeability,  we  include  it  here 
since  the  proof  is  essentially  the  same  as  for  Theorem  5-1.  The  statement  requires 
some  terminology. 

Given  a  Polish  space  K,  we  define  a  point  process  in  K  to  be  a  1  oca  1 1 y  finite 
and  integer  valued  random  measure^  on  R+xK,  such  that  ^({t]rxK)<l  for  all  t.  Fix 
a  standard  filtration'?’  indexed  by  R+,  and  say  that  £  is  adapted  to  ?,  if  the 
process  N  (B)=^([0,t]xB)  is  adapted  for  every  bounded  Borel  set  BcK.  In  this 

A 

case  the  associated  compensator  Nt(B)  has  a  measure  valued  version,  and  we  may 

A 

define  the  compensa tor  of  f;  to  be  the  a.s.  unique  random  measure  ^  on  R+xK 

satisfying  ( [0 ,  t  ]xB)  =N ^  (B)  for  all  t  and  B.  Say  that  ^  is  cont i nuous  if  N ^ ( B ) 

is  a.s.  continuous  for  every  B  as  above.  Given  an  arbitrary  space  S,  we  may  form 

by  adding  an  extraneous  state  9.  Finally  recall  that  a  covariance  function 

2 

on  an  abstract  space  T  is  a  non-negative  definite  function  ^>:  T  — ►  R. 


W 


1 


Theorem  6.4.  Fix  a  Pol i sh  space  K,  a  tf- finite  measure  space 


covariance  function  ^  on  some  space  T .  Let  ^  be  an  adapted  point  process  in  K 

X 

with  continuous  compensator  tj ,  and  let  M, , . . . ,M  be  continuous  local  mar t i nga 1 es 


Consider  pred  i  ctab  I  e  processes  V  :  £L  xR  x  K  — *•  Sa  and  U,  . U.  :  XI X  R  — *•  R .  ttT  . 

- - -  +  a  -  It  d t  + 

with  £  j JUj td [Mj ,Mj ] < o©  a . s .  for  a  1 1  t ,  and  such  that 
a  i  d  d 

fv  =u  a^_s_.;  £  I  \  Ui=U;rd^Mi  >M;J  =  a-s-  >  s,t€T.  (5) 

i=l  j=l  J0  s  Jt  J  ‘ st 

Define  a  random  measure  rj  _on_  S  and  a  random  field  Y  ^)n_  T  by  putting 

T)  =  Y  =  I  fu  dM  tCT.  (6) 

*  j=l  J0  JC  J 

Then  rj  and  Y  are  independent,  and  rj  is  Poi  sson  wi  th  Erj=yj ,  while  Y  is  centered 

Gaussian  with  EY  Y  =p 
-  s  t— T  s  t 

The  proof  depends  on  the  following  lemma,  which  may  be  obtained  in  the  same 
way  as  Lemma  5-8. 

A 

Lemma  6.5.  Let  ^ and  V  be  such  as  in  Theorem  6.4,  and  let  M  be  a  continuous 
local  martingale  with  bounded  quadratic  variation.  Fix  a  stopping  time  T  and 


measurable  sets  B.CS  with  pB  .<  po  ,  j  =  1,...,d.  Then 

d  A 

E  M«o  JT  ${(t,x)  ;  t>T,  vt>x€Bjy  -  E  Mr  £  77f{(t.x)  5  t>T-  Vt,xePBjl’  (_/ 

j  — ■  I  7  J  jC  J 

where  7 T  denotes  an  arbitrary  partition  of  { 1  , .  .  .  ,  d]-  into  subsets  J  . 

Proof  of  Theorem  6.4  (outlined).  Fix  m,n€Z  ,  t t  fcT,  and  B.CS 
-  +  I  m  j 

measurable  with  oo  ,  j  =  I,...,n.  By  Lemmas  4.2  and  6.5, 


Ml  || 

7 T\  TTrjB  =  I  7Tp(tj ,t  )  I  7T>flB 

i-I  I  j  =  1 *  J  7T  i  ,  j '  1  J  T,  J  '  j  € J  J 


where  Tj  and  K,  are  arbitrary  partitions  of  the  sets  {l,...,mj.  and  |l,...,nj  i  n  t 
pairs  {i,j}  and  subsets  J,  respectively.  To  see  that  this  is  the  desired  moment, 

consider  the  special  case  when  (M.,...,M  )  is  a  Brownian  motion  in  Rm  with 

I  m 

covariances  ^(t.,tj)  at  time  1,  while  ^  is  an  independent  Poisson  process  on  R+ 

with  unit  intensity,  and  choose  non-random  U,,...,U  and  V  such  that  Y(t.)=M.(l) 

I’m  j  -  j 

and  A V  ' =u . 


We  conclude  with  some  simple  illustrations.  Let  us  first  take  M.  ,  .  . . ,M 

I  d 

orthogonal  with  M.(0)=0  and  Let  T=^l  , .  .  .  ,dj.  X  R+,  and  define 

U  .  .  (s  ,  t)  =  . 1 f [M . ,M . ]  < t},  i,j  =  l,...,d,  t>0.  (9) 

•J  <J  1  '  J  5  J  - 

Writing  T.  ( t )  =  i  n  f  |s  ;  [M^ 1 5=t} >  ' 1  's  seen  from  Theorem  6.4  that 

Y.(t)  =  flf[M.,M.]  -ctldM.(s)  =M.«T.(t),  j=l . d,  t>0,  (10) 

J  J  <■  J  J  s  J  j  J  J  - 

are  independent  Brownian  motions,  as  shown  by  Knight  (1970)  (though  our  theorem 
gives  no  information  about  paths). 

A  A  A 

Next  we  take  K=|l  ,  .  .  .  ,d}. ,  write  . §d)  and  ^=(?, . • . . ,fd) ,  and  assume 

that  tj.  (*»  )  =  «o  for  all  j.  (Here  and  below,  ( t )  =  [0 ,  t  ]  ,  etc.)  Choose  S»{l  ,  .  .  .  ,dJ*R+ 

with  Lebesgue  measure  p,  and  define 

V.(t)  =  (j,  f.(t)),  j=l,...,d,  t>0.  (11) 

Putting  Tj  (t)  =  inf^s ;  ^  (s)  =  tj-,  our  theorem  shows  that 

Tj.(t)  =  £.{s;  £j(s)<_t}  =  ?.°T.  (t+)  ,  j  =  l . d,  t>0,  (12) 

are  independent  Poisson  processes  with  rate  1,  as  noted  by  Meyer  (1971).  (The 

processes  £.«T.(t)  will  clearly  have  the  same  property.) 

For  a  less  trivial  example,  let  X  be  a  strictly  p-stable  motion  (Levy  process) 

on  R+,  and  assume  for  simplicity  that  p<l,  so  that  Xt  =  £  ^AXs>  t>0.  Recall 

that  X  has  Levy  measure  V=aV++bV  for  some  constants  a,b>0,  where  V*  denote  the 

P  P  -  p 

measures  on  (0,<»)  and  (-**,0)  with  density  [x|  p.  Define  a  point  process  ^  in 
R\(o}>  by 


5t(B)  =  £  lfftX  CB},  t>0.  B  C  R  ^  {0}  , 


131 


s<t 


so  that  ^  is  Poisson  with  i  ntens  i  ty=compensa  tor  £=AxW. 


Let  us  now  fix  a  predictable  process  U  on  R+  with  KM  p<  00  a  .  s  .  for  all  t . 


Write  U=U+-U  where  U+=U^0,  and  define 


T*  -  j  (U*)Pds,  Vf  x  =  (T*.  xU*),  t>0,  x<Rn{0}. 


(14) 


If  we  assume  Tj^=»  a.s.,  it  is  easily  seen  that  (^x  Y)  (V^)  =  ^KV,  so  Theorem  6.4 

i.  “  I  w 

shows  that  the  measures  ^  =%{V )  are  mutually  independent  copies  of  s-  Hence 


the  processes 


(15) 


=  J*  ?i(  [0,  t  ]  X  dx)  =  Ju^l  (T"<_t^dXs  ,  t>0 , 

are  mutually  independent  copies  of  X.  Thus  the  process  jW  exists  (wh i ch  is 
known  from  [9])  and  has  a.s.  representat i on 

f  UdX  =  fu+l(T+<T+IdX  -  ('ll"  I  i"T"<T" IdX  =  X+oT+  -  x"oT" ,  t>0. 

J0  j  s  V.  s—  tj  s  J  s  1  s—  s)  s  t  t  — 

A  similar  argument  yields  the  alternative  a.s.  representat i on 


+  + 

\  UdX  =  Y+(aT%bT")  -  Y~  (aT'+bT*)  ,  t>0, 

J0  1  z  t  t 


for  some  mutually  independent  stable  motions  Y+  and  Y  with  Levy  measure  y+.  For 
a=b  we  recover  the  time  change  result  of  Rosinski  6  Woyczyfiski  (1986).  (An 
alternative  approach  is  via  Proposition  6.1  above.  The  case  when  »  0 

is  similar  but  requires  a  randomization,  e.g.  as  in  [12]  or  in  [4],  pp.  89 f f . ) 
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